
Chapter Six: Numerical Solution of Ordinary Differential Equations 

We get the roots by 

ans = 

1 0 . 0 6 0 6  

4 . 0 6 4 4  

-1.1250 

which is the same as before, as expected. 

Section 6.1 

1. Use the Taylor series method to get solutions to 

dyldx = x + y - xy, y(0) = 1 

at x = 0.1 and x = 0.5. Use terms through x5. 

) 2. The solution to Exercise 1 at x = 0.5 is 1.59420. How 
many terms of a Taylor series must be used to match this? 

3. Repeat Exercises 1 and 2 but for 

yU(x) = xly, y (0) = 1 ,  y' (0) = 1. 

The correct value for y(0.5) is 1.51676. 

4. A spring system has resistance to motion proportional to 
the square of the velocity, and its motion is described by 

If the spring is released from a point that is a unit dis- 
tance above its equilibrium point, x(0) = 1, x f (0)  = 0, 
use the Taylor-series method to write a series expres- 
sion for the displacement as a function of time, includ- 
ing terms up to t6. 

Section 6.2 

Repeat Exercise 1, but use the simple Euler method. How 
small must h be to match to the values of Exercise l ?  

Repeat Exercise 2, but use the simple Euler method. 
How small must h be? 

Repeat Exercise 5, but now with the modified Euler 
method. Comparing to Exercise 5, how much less 
effort is required? 

Find the solution to 

- dy - - y 2 +  t2, y(1) = o ,  a t t =  2, 
dt 

by the modified Euler method, using h = 0.1. Repeat 
with h = 0.05. From the two results, estimate the accu- 
racy of the second computation. 

9. Solve y' = sin(x) + y, y(0) = 2 by the modified 
Euler method to get y(0.1) and y(0.5). Use a value of 
h small enough to be sure that you have five digits 
correct. 

) 10. A sky diver jumps from a plane, and during the time 
before the parachute opens, the air resistance is propor- 
tional to the power of the diver's velocity. If it is 
known that the maximum rate of fall under these condi- 
tions is 80 mph, determine the diver's velocity during 
the first 2 sec of fall using the modified Euler method 
with At = 0.2. Neglect horizontal drift and assume an 
initial velocity of zero. 

11. Repeat Exercise 8 but use the midpoint method. Are 
the results the same? If not, which is more accurate? 

2. The midpoint method gives results identical to modi- 
fied Euler for dyldx = -2x - xy, y(0) = - 1. But for 
some definitions of dyldx, it is better; for other defini- 
tions, it is worse. What are the conditions on the deriv- 
ative function that cause 

a. The midpoint method to be better? 
b. The midpoint method to be poorer? 
c. The two methods to give identical results? 
d. Give specific examples for parts (a) and @). 

b13. For some derivative functions, the simple Euler method 
will have errors that are always positive but for others, 
the errors will always be negative. 

a. What property of the function will determine which 
kind of error will be experienced? 

b. Provide examples for both types of derivative function. 
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Exercises 3 9 5 

c. When will the errors be positive at first, but then 
become negative? Give an example where the errors 
oscillate between positive and negative as the x-values 
increase. 

14. Is the phenomenon of Exercise 13 true for the modified 
Euler method? If it is, repeat Exercise 13 for this method. 

Section 6.3 

15. What are the equations that will be used for a second- 
order Runge-Kutta method if a = 113, b = 213, a = 

314 and /3 = 314. The statement is made that "this is 
said to give a minimum bound to the error." Test the 
truth of this statement by comparing this method with 
modified Euler on the equations of Exercises 1 and 8. 
Also compare to the midpoint method. 

16. What is the equivalent of Eq. (6.10) for a third-order 
RK method? What then is the equivalent of Eq. (6.12)? 
Give three different combinations of parameter values 
that can be employed. 

17. Use one set of the parameter values you found in 
Exercise 16 to solve Exercise 9. 

a. How much larger can h be than the value found in 
Exercise 9? 

b. Repeat with the other sets of parameters. Which set 
is preferred? 

18. Solve Exercise 1 with fourth-order Runge-Kutta 
method. How large can h be to get the correct value at 
x = 1.0, which is 2.19496? 

19. Determine y at x = 1 for the following equation, using 
fourth-order Runge-Kutta method with h = 0.2. How 
accurate are the results? 

dyldx = Il(x + y), y (0) = 2. 

)20. Using the conditions of Exercise 10, determine how long 
it takes for the jumper to reach 90% of his or her maxi- 
mum velocity, by integrating the equation using the 
Runge-Kutta technique with At = 0.5 until the ve1ocit.y 
exceeds this value, and then interpolating. Then use 
numerical integration on the velocity values to determine 
the distance the diver falls in attaining 0.911,~. 

21. It is not easy to know the accuracy with which the func- 
tion has been determined by either the Euler methods 
or the Runge-Kutta method. A possible way to mea- 
sure accuracy is to repeat the problem with a smaller 
step size, and compare results. If the two computations 
agree to n decimal places, one then assumes the values 

are correct to that many places. Repeat Exercise 20 
with At = 0.3, which should give a global error about 
one-eighth as large, and by comparing results, deter- 
mine the accuracy in Exercise 20. (Why do we expect 
to reduce the err~or eightfold by this change in At?) 

22. Solve Exercises 1, 9, and 10 by the Runge-Kutta- 
Fehlberg methocl. 

23. Using Runge-Kutta-Fehlberg, compare your results 
to that from fourth-order Runge-Kutta method in 
Exercise 18. 

)24. Solve y' = 2x2 -- y, y(0) = - 1 by the Runge-Kutta- 
Fehlberg method to x = 2.0. How large can h be and 
still get the solution accurate to 6 significant digits? 

25. Add the results from the Runge-Kutta-Fehlberg 
method to Table 6.6. 

26. In the algorithm for the Runge-Kutta-Fehlberg method, 
an expression for the error is given. Repeat Exercise 19 
with the Runge--Kutta-Fehlberg method and compare 
the actual error to the value from the expression. 

Section 6.4 

)27. Derive the formula for the second-order Adams 
method. Use the method of undetermined coefficients. 

28. Use the formula of Exercise 27 to get values as in 
Example 6.1. 

29. For the differential equation 

starting values are known: 

y(0.2) = 1.2186, y(0.4) = 1,4682, 

y(0.6) = 1.7379. 

Use the Adams method, fitting cubics with the last four 
(y, t) values aind advance the solution to t = 1.2. 
Compare to the analytical solution. 

)30. For the equation 

the analytical solution is easy to find: 

If we use three points in the Adarns method, what error 
would we expect in the numerical solutio~n? Confirm 
your expectation by performing the computations. 
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31. Repeat Exercise 30, but use four points. 

32. Solve Exercise 29 with Adams-Moulton fourth order 
method. 

33. For the equation y' = y * sin (m), y(0) = 1, get start- 
ing values by RKF for x = 0.2, 0.4, and 0.6 and then 
advance the solution to x = 1.4 by Adams-Moulton 
fourth order method. 

34. Get the equivalent of Eqs. (6.16) and (6.17) for a third- 
order Adams-Moulton method. 

35. Derive the interpolation formulas given in Section 6.4 
that permit getting additional values to reduce the step 
size. 

)36. Use Eq. (6.18) on this problem 

dyldx = 2x + 2, y(1) = 3. 

a. Is instability indicated? 
b. Compare the results with this method to those from 

the simple Euler method as in Tables 6.11 and 6.12. 

37. Use Milne's method on the equation in Exercise in 36. 
Is there any indication of instability? 

38. Parallel the theoretical demonstration of instability 
with Milne's method with the equation dyldx = Axn, 
where A and n are constants. What do you conclude? 

39. What is the error term for Hamming's method? Show 
that it is a stable method. 

Section 6.5 

40. The mathematical model of an electrical circuit is given 
by the equation 

d2Q dQ 
0.5 ,- + 6 - + 50Q = 24 sin lot ,  

dt dt 

with Q = 0 and i = dQldt = 0 at t = 0. Express as a 
pair of first-order equations. 

)41. In the theory of beams, it is shown that the radius of cur- 
vature at any point is proportional to the bending moment: 

where y is the deflection of the neutral axis. In the usual 
approach, (Y ' )~ is neglected in comparison to unity, but 
if the beam has appreciable curvature, this is invalid. 
For the cantilever beam for which y(0) = y'(0) = 0, 
express the equation as a pair of simultaneous first- 
order equations. 

42. A cantilever beam is 12 ft long and bears a uniform 
load of W Iblin. so that M(x) = W * x2/2. Exercise 41 

suggests that a simplified version of the differential 
equation can be used if the curvature of the beam is 
small. For what value of W, the value of the uniform 
load, does the simplified equation give a value for the 
deflection at the end of the beam that is in error by 
5%? 

)43. Solve the pair of simultaneous equations 

d x l d t = x y - t ,  x ( O ) = l ,  

dyldt = x + t ,  y(0) = 0 ,  

by the modified Euler method from t = 0 to t = 1.0 in 
steps of 0.2. 

44. Repeat Exercise 43, but with the Runge-Kutta- 
Fehlberg method. How accurate are these results? How 
much are the errors less than those of Exercise 43? 

45. Use the first results of Exercise 44 to begin the 
Adams-Moulton method and then advance the solu- 
tion to x = 1.0. Are the results as accurate as with the 
Runge-Kutta-Fehlberg method? 

)46. The motion of the compound spring system as sketched 
in Figure 6.7 is given by the solution of the pair of 
simultaneous equations 

where y ,  and y2 are the displacements of the two 
masses from their equilibrium positions. The initial 
conditions are 

Express as a set of first-order equations. 

Figure 6.7 
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47. For the third-order equation 

y"' + ty' - 2y = t ,  y(0) = y"(0) = 0 ,  y'(0) = 1 ,  

a. Solve for y (0.2), y(0.4), y (0.6) by RKF. 
b. Advance the solution to t = 1.0 with the 

Adams -Moulton method. 
c. Estimate the accuracy of y(1.0) in part (b). 

48. Solve the equation in Exercise 47 by the Taylor-series 
method. How many terms are needed to be sure that 
y(1.0) is correct to four significant digits? 

49. If some simplifying assumptions are made, the equa- 
tions of motion of a satellite around a central body 
are 

where 

r-=1/--;, x(0)=0.4,  

y(O)=x'(O)=O, y f ( 0 ) = 2 .  

a. Evaluate x(t) and y(t) from t = 0 to t = 10 in steps 
of 0.2. Use any of the single-step methods to do this. 

b. Plot the curve for this range of t-values. 
c. Estimate the period of the orbit. 

Section 6.6 

50. Equation 6.22 is for a stiff equation. If the coefficients 
of the equation for x' are changed, for what values is 
the system no longer stiff? 

51. A pair of differential equations has the solution 
X(t) = e-22r - e-t 

y(t) = e-22r + e-! 
with initial conditions of x(0) = 0, y(0) = 2. 

a. What are the differential equations? 
b. Is that system "stiff "? 
c. What are the computed values for x(0.2) and y(0.2) 

if the equations of part (a) are solved with the simple 
Euler method, with h = 0.1? 

d. Repeat part (c), but employing the method of Eq. 
(6.23). Is this answer closer to the correct value? 

e. How small must h be to get the solutions at t = 0.2 
accurate to four significant digits when using the 
simple Euler method? 

f. Repeat part (e), but now for the method of Eq. (6.23). 

)52. When testing a linear system to see if it is "stiff" it is 
convenient to write it as 

where the elements of matrix A are the multipliers of x 
and y in the equations. If the eigenvalues of A are all 
real and negative and differ widely in magnitude, the 
system is stiff. ((One can get the eigenvalues from the 
characteristic polynomial as explained in Chapter 2 or 
with a computer algebra system.) 

Suppose that A has these elements: 

a. What are the eigenvalues of A? Would you call the 
system stiff? 

b. Change the elements of A so that all are positive. 
What are the eigenvalues of A after tlhis change? 
Does this make the system "nonstiff"? 

53. The definition ctf a stiff equation as one nhose coeffi- 
cient matrix has negative eigenvalues that "differ 
widely in magnitude" is rather subjective. Propose an 
alternate defini~lon of stiffness that is more specific. 

Section 6 2  

54. Suppose that a rod of length L is made from two dis- 
similar materials welded together end-to-end. From 
x = 0 to x = X, the thermal conductivity is k , ;  from 
x = X to x = L, it is k2. How will the temperatures vary 
along the rod if u = 0" at x = 0 and u = 100" at x = L? 
Assume that Eq, (6.24) applies with Q = 0 and that the 
cross-section is constant. 

55. What if k varier; with temperature: k = a -t bu + cu2? 
What is the equation that must be solved 1.0 determine 
the temperature distribution along a rod of constant 
cross section? 

56. Solve the boundary value problem 

d2xldt2 + t (dxldt) - 3x = 3t, x(0)  = 1 ,  s(2) = 5 

by "shooting." ('The initial slope is near - 1.5.) Use h = 
0.25 and compare the results from the Ru~nge-Kutta- 
Fehlberg method and modified Euler methods. Why 
are the results different? Is it possible to match the 
Runge-Kutta-Fehlberg method results when the 
modified Euler method is used? If so, show how this 
can be accomplished. 

57. Repeat Exercise 56, but with smaller values for h. At 
what h-values with the Runge-Kutta-Fehlberg 
method are successive computations the same? 

58. The boundary-value problem of Exercise 56 is linear. 
That means thal: the correct initial slope can be found 
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by interpolating from two trial values. Show that inter- 
mediate values from the computations obtained with 
these two trial values can themselves be interpolated to 
get correct intermediate values for x(t). 

59. If the equation of Exercise 56 is changed only slightly to 

d2xldt2 + x (dxldt) - 3x = 3t, x(0) = 1, x(2) = 5, 

it is no longer linear. Solve it by the shooting method 
using RKE Do you find that more than two trials are 
needed to get the solution? What is the correct value for 
the initial slope? Use a value of h small enough to be 
sure that the results are correct to five significant digits. 

60. Given this boundary-value problem: 

which has the solution y = 2 sin(0/2), 

a. Solve, using finite difference approximations to the 
derivative with h = d4 and tabulate the errors. 

b. Solve again by finite differences but with a value of h 
small enough to reduce the maximum error to 0.5%. 
Can you predict from part (a) how small h should be? 

c. Solve again by the shooting method. Find how large 
h can be to have maximum error of 0.5%. 

61. Solve Exercise 56 though a set of equations where the 
derivatives are replaced by difference quotients. How 
small must 12 be to essentially match to the results of 
Exercise 56 when RKF was used? 

62. Use finite difference approximations to the derivatives 
to solve Exercise 59. The equations will be nonlinear 
so they are not as easily solved. One way to approach 
the solution is to linearize the equations by replacing x 
in the second term with an approximate value, then 
using the results to refine this approximation succes- 
sively. Solve it this way. 

63. Solve this boundary-value problem by finite differ- 
ences, first using h = 0.2, then with h = 0.1: 

y" + xy' - xZy = 2x3, y(0) = 1, y(l) = - I .  

Assuming that errors are proportional to h2, extrapolate 
to get an improved answer. Then, using a very small h- 
value in the shooting method, see if this agrees with 
your improved answer. 

64. Repeat Exercise 60, except with these derivative 
boundary conditions: 

y'(0) = 0, y1(7r) = 1. 

In part (a), compare to y = -2 cos(012). 

65. Solve through finite differences with four subintervals: 

66. The most general form of boundary condition normally 
encountered in second-order boundary-value problems 
is a linear combination of the function and its deriva- 
tives at both ends of the region. Solve through finite 
difference approximations with four subintervals: 

x" - tx' + t2x = t3, 

x(0) + x'(0) - x(1) t x'(1) = 3, 

x(0) - ~ ' ( 0 )  + x (1)  - x'(1) = 2. 

67. Repeat Exercise 63, but use the Runge-Kutta- 
Fehlberg method. The errors will not be proportional to 
h2 

68. Repeat Exercise 66, but use the modified Euler method. 

69. Can a boundary-value problem be solved with a Taylor- 
series expansion of the function? If it can, use the 
Taylor-series technique for several of the above prob- 
lems. If it cannot be used, provide an argument in sup- 
port of this. 

)70. In solving a boundary-value problem with finite differ- 
ence quotients, using smaller values for h improves the 
accuracy. Can one make h too small? 

71. Compare the number of numerical operations used in 
Example 6.5 to get Tables 6.18 and 6.19. 

sectios 5.3 

72. Consider the characteristic-value problem with k 
restricted to real values: 

y"-kzY=O,  y(O)=O, y(l)=O. 

a. Show analytically that there is no solution except 
the trivial solution y = 0. 

b. Show, by setting up a set of difference equations 
corresponding to the differential equation with h = 
0.2, that there are no real values for k for which a 
solution to the set exists. 

c. Show, using the shooting method, that it is impossi- 
ble to match y(1) = 0 for any real value of k [except 
if y '(0) = 0, which gives the trivial solution]. 

b73. For the equation 
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find the principal eigenvalue and compare to Ikl = 78. Use the power method or its variations to find all of the 
2.46166, eigenvalues and eigenvectors for the matrices of 

a. using h = t. 
b. using h = i. 
c. using h = $. 
d. Assuming errors are proportional to h2, extrapolate 

from parts (a) and (c) to get an improved estimate. 

74. Using the principal eigenvalue, k = 2.46166, in 
Exercise 73, find y as a function of x over [0, 11. This is 
the corresponding eigenfunction. 

75. Parallel the computations of Exercise 73 to estimate the 
second eigenvalue. Compare to the analytical value of 
4.56773. 

76. Find the dominant eigenvalue and the corresponding 
eigenvector by the power method: 

[In part (c), the two eigenvalues are equal but of oppo- 
site sign.] 

77. For the two matrices 

- 

Exercise 77. For matrix B, do you need to use complex 
arithmetic? 

b79. Get the eigenval~ies for matrix A in Exercise 77 from its 
characteristic polynomial. Then invert the matrix and 
show that the eigenvalues are reciprocals but the eigen- 
vectors are the same. How do the two characteristic poly- 
nomials differ? Can you get the second polynomial 
directly from the first? Can you do all of this for matrix B? 

80. Repeat Exercise 79, but use the power method to get the 
dominant eigenvalue. Then shift by that amount and get 
the next one. Finally, get the third from the trace of A. 

81. Find three matrices that convert one of the lbelow diag- 
onal elements to zero for matrix A of Exercise 77. 

82. Use the matrices of Exercise 81 successively to make 
one element below the diagonal of A equal to zero, then 
multiply that product and the inverse of the rotation 
matrix (which is easy to find because it is just its trans- 
pose). We keep the eigenvalues the same lbecause the 
two multiplications are a similarity transformation. 

Repeat this process until all elements below the diago- 
nal are less than 1.OE-4. When this is done, compare the 
elements now on the diagonal to the eigenvalues of A 
obtained by iteration. (This will take many steps. You will 
want to write a short computer program to carry it out.) 

b83. Use similarity transformations to reduce the matrix to 
upper Hessenberg. (Do no column or row interchanges.) 

r 3  -1 2 71 

a, put bounds on eigenvalues using ~ ~ ~ ~ ~ h ~ ~ ~ i ~ ' ~  84. Repeat Exercise 83 but with row/column interchanges 

theorem. that maximize the magnitude of the divisors. 

b. Can you tell from part (a) whether either of the 85. Repeat Exercise 82 after first converting to upper 
matrices is singular? Hessenberg. How many fewer iterations are needed? 

APP1. The mass in Figure 6.8 moves horizontally on the frictionless bar. It is connected by a spring to a sup- 
port located centrally below the bar. The unstretched length of the spring is L = a = 3.1623 m 
(meters); the spring constant is k = 100 Nlm (newtons per meter); the mass of the block is 3 kg. Let 
x(t) be the distance from the center of the bar to the location of the block at time t. Clearly the equi- 
librium position of the block is at x = 1.0 m (or x = - 1.0 m). Let yo = fi m (the unstrel ched length 
of the spring). This second-order differential equation describes the motion: 



Chapter Six: Numerical Solution of Ordina~y Differential Equations 

Figure 6.8 

a. Using both single-step and multistep methods, find the position of the block between t = 0 and 
t = 10 sec if xo = 1.4 and the initial velocity is zero. 

b. Repeat part (a), but now with the spring stretched more at the start, xo = 2.5. 
c. Use Maple and/or MATLAB to graph the motion for both parts (a) and (b). Compare your graphs 

to Figure 6.9. 

APP2. The equation y' = 1 + y2, y(0) = 0 has the solution y = tan(x). Use modified Euler method to com- 
pute values for x = 0 to x = 1.6 with a value for h small enough to obtain values that differ from the 
analytical by no more than -C0.0005. What is the largest h-value to do this? y (x) becomes infinite at 
x = d 2 .  What happens if you try to integrate y' beyond this point? Is there some way you can solve . - 

the equation numerically from x = 0 to x = 2? 
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Figure 6.10 

A nonlinear boundary-value problem is more difficult than a linear problem because many trials may 
be needed to get a good value for the initial slope. From three initial trials it should be possible to use 
a Muller's-type interpolation. Outline the steps of a program that will do this. 

In an electrical circuit (Figure 6.10) that contains resistance, inductance, and capacitance (and every 
circuit does), the voltage drop across the resistance is iR (i is current in amperes, R is resistance in 
ohms), across the inductance it is L, (dildt) (L is inductance in henries), and across the capacitance it 
is qlC (q is charge in the capacitor in coulombs, Cis  capacitance in farads). We then can write, for the 
voltage, difference between points A and B, 

Differentiating with respect to t and remembering that dqldt =. i, we have a second-order differential 
equation; 

If the voltage VAB (which has previously been 0 V) is suddenly brought to 15 V (let us say, by con- 
necting a battery across the terminals) and maintained steadily at 15 V (so dVldt = 0), current will 
flow through the circuit. Use an appropriate numerical method to determine how the current varies 
with time between 0 and 0.1 sec if C = 1000 pf, L = 50 mH, ;and R = 4.7 ohms; use At of 0.002 sec. 
Also determine how the voltage builds up across the capacitor during this time. You niay want to 
compare the computations with the analytical solution. 

APP5. Repeat App 4, but let the voltage source be a 60-Hz sinusoidal input: 

How closely does the voltage across the capacitor resemble a sine wave during the last ihll cycle of 
voltage variation? 

APP6. After the voltages have stabilized in APP4 (15 V across the capacitor), the battery is shorted so that 
the capacitor discharges through the resistance and inductor Follow the current and the capacitor 
voltages for 0.1 sec, again with At = 0.002 sec. The oscillations of decreasing amplitude are called 
damped oscillations. If the calculations are repeated but with the resistance value increased, the 
oscillations will be damped out more quickly; at R = 14.14 ohms the oscillations should disappear; 
this is called critical damping. Perform numerical computations with values of R increasing from 4.7 
to 22 ohms to confirm that critical damping occurs at 14.14 ohms. 

APW. Cooling fins are often welded to objects in which heat is generated to conduct the heat away. thus 
controlling the temperature. If the fin loses heat by radiation to the surroundings the rate of heat loss 
from the fin is proportional to the difference in fourth powers of the fin temperature a~nd the sur- 
roundings, both measured in absolute degrees. The equation reduces to 

d2uldx2 = k(u4 - T?) 
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where u is the fin temperature, T is the surroundings temperature, and x is the distance along the fin. 
k is a constant. For a fin of given length L, this is not difficult to solve numerically if u(0) and u(L) are 
known. Solve for u(x), the distribution of temperature along the fin, if T = 300, u(0) = 450, 420)  = 

350, k = 0.23, utilizing any of the methods for a boundary-value problem. Use a value for h small 
enough to get temperatures accurate to 0.1 degree. 

APPS. In APP7, suppose the fin is of infinite length and we can assume that lim (u(x)) = 0 as x + m. Can 
this problem be solved numerically? If so, get the solution for u(x) between x = 0 and x = 20. 

APP9. A Foucault pendulum is one free to swing in both the x- and y-directions. It is frequently displayed in 
science museums to exhibit the rotation of the earth, which causes the pendulum to swing in direc- 
tions that continuously vary. The equations of motion are 

i - 2w sin $ji + k2x = 0, 

y + 2w sin $.i + kZy = 0, 

when damping is absent (or compensated for). In these equations, the dots over the variable represent 
differentiation with respect to time. Here w is the angular velocity of the earth's rotation (7.29 X 

secpl), IJ is the latitude, k2 = g1.f where 4! is the length of the pendulum. How long will it take 
a 10-m-long pendulum to rotate its plane of swing by 45" at the latitude where you live? How long if 
located in Quebec, Canada? 

APP10. Condon and Odishaw (1967) discuss Dufing's equation for the flux 4 in a transformer. This nonlin- 
ear differential equation is 

w 4 + 4 4  + b43 = E cos wt. 

In this equation, E sin wt is the sinusoidal source voltage and N is the number of turns in the primary 
winding, while wo and b are parameters of the transformer design. Make a plot of 4 versus t (and 
compare to the source voltage) if E = 165, w = 1 2 0 ~ ,  N = 600, w t  = 83, and b = 0.14. For 
approximate calculations, the nonlinear term b43 is sometimes neglected. Evaluate your results to 
determine whether this makes a significant error in the results. 

APP11. Ethylene oxide is an important raw material for the manufacture of organic chemicals. It is produced 
by reacting ethylene and oxygen together over a silver catalyst. Laboratory studies gave the equation 
shown. 

It is planned to use this process commercially by passing the gaseous mixture through tubes filled 
with catalyst. The reaction rate varies with pressure, temperature, and concentrations of ethylene and 
oxygen, according to this equation: 

where 
v = reaction rate (units of ethylene oxide formed per lb of catalyst per hr); 
T = temperature, OK ("C + 273), 
P = absolute pressure (lblin.'), 

CE = concentration of ethylene, 
C, = concentration of oxygen. 

Under the planned conditions, the reaction will occur, as the gas flows through the tube, according to 
the equation 

where 
x = fraction of ethylene converted to ethylene oxide, 
L = length of reactor tube (ft). 
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The reaction is strongly exothermic, so that it is necessary to cool the tubular reactor to prevent over- 
heating. (Excessively high temperatures produce undesirable side reactions.) The rea.ctor will be 
cooled by surrounding the catalyst tubes with boiling coolartt under pressure so that the tube walls 
are kept at 225OC. This will remove heat proportional to the temperature difference between the gas 
and the boiling water. Of course, heat is generated by the reaction. The net effect can be expressed by 
this equation for the temperature change per foot of tube, where B is a design parameter: 

For preliminary computations, it has been agreed that we can neglect the change in pressure as the 
gases flow through the tubes; we will use the average pressure of P = 22 lb/in.2 absolute. We will 
also neglect the difference between the catalyst temperature (which should be used to find the reac- 
tion rate) and the gas temperature. You are to compute the length of tubes required for 65% conver- 
sion of ethylene if the inlet temperature is 250°C. Oxygen is consumed in proportion to the ethylene 
converted; material balances show that the concentrations oil ethylene and oxygen vary with x, the 
fraction of ethylene converted, as follows: 

The design parameter B will be determined by the diameter of tubes that contain the catalyst. (The num- 
ber of tubes in parallel will be chosen to accommodate the quantities of materials flowing through the 
reactor.) The tube size will be chosen to control the maximum Lemperature of the reaction, as set by the 
minimum allowable value of B. If the tubes are too large in diameter (for which the value of B is small), 
the temperatures will run wild. If the tubes are too small (giving a large value to B), so much heat is lost 
that the reaction tends to be quenched. In your studies, vary B to find the least value that will keep the 
maximum temperature below 300°C. Permissible values for the parameter B are from 1.0 to 10.0. 

In addition to finding how long the tubes must be, we need to know how the temperature varies 
with x and with the distance along the tubes. To have some indication of the controllability of the 
process, you are also asked to determine how much the oudet temperature will change for a 1°C 
change in the inlet temperature, using the value of B already determined. 

APP12. An ecologist has been studying the effects of the environment on the population of field mice. Her 
research shows that the number of mice born each month is proportional to the number of females in 
the group and that the fraction of females is normally constant in any group. This implies that the 
number of births per month is proportional to the total population. 

She has located a test plot for further research, which is a restricted area of semiarid 1,and. She has 
constructed baniers around the plot so mice cannot enter or leave. Under the conditions of the exper- 
iment, the food supply is limited, and it is found that the dea1.h rate is affected as a result, with mice 
dying of starvation at a rate proportional to some power of the population. (She also hypothesizes 
that when the mother is undernourished, the babies have less chance for survival and t.hat starving 
males tend to attack one another, but these factors are only speculation.) 

The net result of this scientific analysis is the following equation, with N being the number of 
mice at time t (with t expressed in months). The ecologkt has come to you for help in solving the 
equation; her calculus doesn't seem to apply. 

dN -- - aN - EN' ', with B given by Table 6.20 
dt 



Chapter Six: Numerical Solution of Ordinary Differential Equations 

As the season progresses, the amount of vegetation varies. The ecologist accounts for this change in 
the food supply by using a "constant" B that varies with the season. 

If 100 mice were initially released into the test plot and if a = 0.9, estimate the number of mice 
as a function oft,  for t  = 0 to t = 8. 

APP13. A certain chemical company produces a product that is a mixture of two ingredients, A and B. In 
order to ensure that the product is homogeneous, A and B are fed into a well-mixed tank that holds 
100 gal. The desired product must contain two parts of A to one part of B within certain specifica- 
tions. The normal flows of A and B into the tank are 4 and 2 gallmin. There is no volume change 
when these are mixed, so the outflow is 6 gallmin and the holding time in the tank is 10016 = 16.66 
min. Due to an unfortunate accident, the flow of ingredient B is cut off and before this is noticed and 
corrected, the ratio of A to B in the tank has increased to 10 parts of A to 1 part of B. (There are still 
100 gal in the tank.) Set up equations that give the ratio of A to B in the tank as a function of time 
after the flow of B has been restored to its normal value of 2 gallmin. How long will it take until the 
output from the tank reaches 2 parts A to 0.99 parts B? How much product is produced (and dis- 
carded because it is not up to specification) during this time? How would you suggest that this time 
to reach specification be reduced? 


