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Solution of Problem 1:
. Y(s) _ 185 +20 , Zeros satisfy 10s+20=0 = z,=-2
U(s) s°-100
Poles satisfy s°-100=0 = p, =-10, p, =+10
T Im }s3
Right Half plan pole === Unstable system
A
e ¥ e {33
e =2 lo

2. Cross multiplying,

Y (s) {s? ~100} = U (s) {10s + 20}

y—100y =10u + 20u
3. A system with a pole in the right half-plane is not stable, and so the concept of DC gain is not applicable. A
constant input will not result in a finite, constant output.

4,
Y(s) P(s)Y(s) 1
U(s) U(s)P(s) s>-100
P(s)[sz—loo]:U(s) = pPp=100p+u
Y(s)=[10s+20]P(s) = y=10p+20p

{10s + 20}

peo ¢ (o)
[ A
X, % *

| joo |

5. Choosing x, =p and X, = p as shown above,
X =X, X,=100x,+u y=20x +10x,

X:(O 1]x +@u Y =(20 10)X

100 O
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Solution of Problem 2:

)0 Sl vee o)

X, =10X,+Uu X, =-10X,+U Yy =6X, +4X,

1.

2. Redraw the block diagram in the s-domain, and because we are finaly a transfer function, set the initial
conditions to zero:

U(s) +

s
L]

= : bl
l+10 % = S+ lo 6 +
£ Y(3)

WD +
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6 4
Y6 :{5—10+s+10}u ®)
Y(s) 6(s+10)+4(s-10) N Y(s) 10s+20
U@s)  (s—-10)(s+10) U(s) s2-100

3. The transfer function in part 2 is identical to that in problem 1 part 2. The state space models in problem 1
represent the same physical system. As a result, these two problems show that state-space models are not
unique. As will be seen in future, a given physical system has an infinite number of state-space representations.

Solution of Problem 3:

1. The laplace transform of both sides of the ODE yields
L{y+3y+2y}=L{u}

s? —sy(0) — y(0) +3Y (s)s —3y(0) + 2Y (s) = u(s)

(s +3s+2)Y(s) = u(s) +sy(0) + y(0) + 3y(0)

V() et u(s)+ YOO+
S°+3s+2 S°+3s+2

As u(t) =eu,(t), u(s) = LB Using this result with y(0) =1 and y(0) = -1 gives
S+

Ve O+ Ly, (O}

1 S+2
Y..(s) = and Y. (8)=———%
=(9) (s* +3s+2)(s+3) i) s +3s+2
Use a partial fraction expansion to find y, (t)and vy, (t).

1 . -2t 1 5
yzs(t) =Ee uo(t)_e uo(t)"‘ze uo(t)
Y. (1) = e7u, (1)

2. Ifwe set x, = yand x, =y, then from the ODE
y=-3y-2y-u

X, =-3%—-2X,+u and X, =X

The resulting state-space model is

N M
<o ]
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3.
D(t) = eMu,(t) = Lﬁl{(3| - A)_l}

(sl —A)* ;(S _Zj

Cs%+3s+2(1 s+3
Find the inverse laplace transforms using partial fraction expansions

S -1 2 -t -2t
Puls) = (s+1)(s+2) Ts11 512 Py, (t) = —& o () + 26 70 (1)
P, (s) = —— - . (1) = €Uy (1) — €Uy (1)

(s+D(s+2) T+l s+2’

3. Note that ®,,(s) =—-2®d,,(s), and so
@, t)= _ZcDZl(t) = _Zeituo )+ 2eiztuo (t)
Also observe that
D () = @y (S) +3D,,(s)
And so
(Dzz (t) = (I)ll(t) + 3(1)21 (t) = 2e_tuo (t) - e_Ztuo (t)
Combining the results

-2t -t -2t -t
(1) = [Zeet _;eﬂ 22e6t j e2e2t }uo (t)
As a check, ®(0) =1 as expected.
4. X, (t) =d(t)X(0) and Y, (t) = CX,(t) . It follows that
20—t 20 _2¢ }[—1

Y, (t) =CO(t)X (0)=[0 1{ 3 .

ot g2 ot g }uo(t) =e"'U,(t) = matches answer in part 1

X, (t) = jCD(t —7)Bu(r)dz, Y, (t)=CX (1)

Co(t-7)B=(0 1)(%“_7) cD”(t_T)J(lj:(o 1)(q)“(t_r)J=cD21(t—r)
D, (t—-7) P,(t-7)\0 D, (t-7)

t
Y, (0)= [ @, (t-r)u(r)dz = e‘(% —%e”j—e” (-e') t=0
0
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Y, (1) = Lot ga lenly (t) , This result matches the answer in part 1.
zs 2 2 0

Solution of Problem 4:

1. y=—1+y?*)y+u(t). Let x, =y and x, =y, then

X =X, = (X, %;, )
X, = —(L+X7)x, +Uu = f,(x,, X,,u) = Non-linear state-space representation
y=X = 0,(X;, X,, u)

X
2. Let u, =2,and solving for X, =( 16]:

Xle
0= f,(Xie, Xpe, Ug) = Xoe
0= f,(Xye, Xp0r Ug) = —(L+ X2 )X, +2
Using the MATLAB command roots, the roots of x_, +x, —2=0
are x, =1, —0.5+ j1.323.
As x, =y, the only physically meaningful equilibrium state is

(o))

3.
8fl/axl 8fl/aXZ
of, /ox,  of,/ox,

G- of, /ou
of, /éu
. 0 1 0
oX = oX +|  |ou : : 1
-4 0 1 = describes perturbations from X, = ol Uy =2

K= 0)X

F

(0 1 (0 1
-1-3x, 0] |-4 0
0 0

:@ H=(og/ox &9,/0x,),=@ 0) J=0g/ou=0.
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Solution of Problem 5:

cawl oz I Sl gy il (o

O(t)=e =1 +At+%A2t2 4o

A {1 0} {0 1} {1 t}
dt)=e" =1+ At= + t=
0 1| ([0 O 01

X(t) = d(t)x(0)

‘_}LL_'(.A?’:A4:"':O w/)/&',”A:O u.{p

cal iz (20 Gloj i@ o b ables (o

a9l o cavd 4 X, (0) =%, (0) =1 a5 Lzl jl 9
X, () =%,(0) +tx,(0) =1+t
X, (1) =X, (0) =1

Solution of Problem 6:

y=X
y:XZ
Yy=X, =r)+(-1-g.)% )+ (=2-9,)%,(t)
ISP SR

= + r
X, -1-9;, —-2-0,]X%, 1
det(sI—A):{ ° }:(s+2)(s+3):>{91:5

1+9, s+2+9, )

VI




