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Lecture 10

L_ecture 10

Time domain analysis of control systems

Topics to be covered incluage.

Time domain analysis.

Test signals.

Steady state error and error coefficients
Error series

Introducing some performance criteria (ISE, ITSE, IAE
and ITAE).
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Lecture 10

Some test signals Cols sl

Step input R

i r()=Ru(t) R(s)=—

- A (5999 S

ty i R
g Velocity input () =Ru®) R(s)=—

0 0 oD (6999 2

2 R
Acceleration input r(t) = R% u) R(s)= %]
> [ il (09,9
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Lecture 10

Error in control systems

J o . § le o : i 3 Ua}
- Error signal
input output
o ~ e()=1(t)-c(t)
4 7 € ; ] C‘
[ [ea e T ' E(5)=R(5)-C(5)
LO0,0 G(S)K(S) il k(l‘l‘ TlS)(1+ TZS) ....... (1+ TmS) e_TdS
transfer function S'(1+74,S)A+74,5)......(L+74,S)
J=0 lype zero system 2 £ pleu
BT type one system S0 Eo ot

J=2 type two system IR AT Pty
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Error in control systems

Lecture 10

Nk e e

/’+6" C (

E(

If the system is e, =lime(t) = lim sE(s) =
stable:

(very important) e = fime(t) = lim SE(s) = |

t—o0

T(s)=

G(s)K(s)
1+ G(s)K(s)

o— K G
I ‘ E(s) = R(s) =T (s)R(s)
S)

1

"1+ G(s)K(5) R(S)

1

IiSmOS(R(s) ~T(s)R(s))

R(S)

Im
=0 1+ G(s)K(S)

7O
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Lecture 10

Error in control systems for step input
b 63955 5 12 J;@% Slstmw 5o L=

e,, = lim sE(s) = lim s(R(s) =T (s)R(s))

s—0 —0 R

S R(s):g
e = lImsE(s) = M Gk
(2)

e, —Islrr(}sE(s)—Ilms(g—T(s)Rj R(l—lsingT(s))
e, =limsE(s) = lim > R _ : R __R

5—0 s=0 1+ G(s)K(S) s 1+|SI_r>TgG(S)K(S) 1+K,

K, =limG(s)K(s)  Position constant .
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Lecture 10

Error in control systems for velocity input
e (6999 5 | J)-‘(SLSL%W 5o o>

e, = limsE(s) = lim s(R(s) =T (s)R(s))
s—0 s—0 R
_ _ R(S) = 53
s =M SE(S) = M oK)
(2)
e.. = lim sE(s) = lim S(EZ—T(S) 52) - R Iim(l_T(S)j
s—0 s—0 S S s—0 S
e = limsE(s) =lim——> -~ _ R
5—0 201+ G(s)K(s) s° O+ |SI_r)T(1) sG(s)K(s) K,

K, =1lim sG(s)K(s) Velocity constant
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Lecture 10

Error in control systems for parabolic input
dﬁjﬁ‘)li 99,9 & 1 Jrry st jo s

e, = lim sE(s) = lim s(R(s) =T (s)R(s))
s—0 —0 R
im——— R e
€ = Im SE () = I L oK) )
(2)
e,, = lim E(s) = lim S(SB—T(S) Rj Rlsigg(l‘;(s))
e, =limsE(s) =lim > R _ _ 2R _R
5—0 =0 1+ G(s)K(s) s° O+|S'235 G(s)K(s) K,

K, =lims’G(s)K(s) ~ Acceleration constant
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Lecture 10

Error in control systems
T L

kK(1+1z,5)Q+17,S).......1+7,9) o

G(s)K(s) =—
S'(L+74,S)AL+174,S).......(A+ 7,,9)
position velocity acceleration
Type Kp Ky Ka €ss €ss €ss
R
1 o0 K 0 0 E 00
R
2 | o0 K 0 0 T
3 00 00 o0 0 0 0
9




Lecture 10

Example 1: Find the different errors in following

system. ’
DS w3 ) s (51 g |y Ao glallas Y L

r tr\ & : 9 C: ! 5
[ s ‘ G(S)K(s)=— )= o
System is stable so we continue
Error for unit step input
K, =Li_r)rgG(s)K(s)=9 e, =$=o.1

or e, =1{-1imT(s))]=1-09=0.1

s—0

Errors for unit velocity and unit parabolic input
Kv s Ka =0 €, =

or e, =1Iim(1—T(S)j = 0

s—0 S
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Example 1: Step response

.
.

Step Response

Lecture 10

oyl ) Lo

L

r r r r

r r

r + € 9 C
e T
9 0.8 - //
T(s)= 9 :
( ) s+10 %o.esf
£
step(9,[1 10]) o
hold on;step(1,1) |
Od Orl OT2 0r3

0.4 0.5 0.6 0.7

Time (sec)

0.8 0.9 1
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Lecture 10

Example 1: Velocity response
Eae po b oo el ) b

velocity response
1

3r
f + € 9 C
I Z S+ 1 ‘ 2.5 // -
2 e i
0 s
T(s)= 7
ELo - / -
-} MATLAE e
1~ e -
step(9,[1 10 0])
0.5 - g i
hold on;step(1,[1 0]) o
O P - r r r r r S
0 0.5 1 15 2 2.5 3
Time (sec)
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Lecture 10

Example 2: Find the different errors in following

system
AiS et e (6l |y calisen slallas Y Jlis
I+ € &
g P 9 100 100
= s(s+10) G(s)K (s) = T(s) =
I ‘ S s 10) )= 7 105 100

System Is stable so we continue
Error for step input

K. =limG(s)K(s) = o e izo or e, =1(1—IimT(s))=1—1=O
P s—0

SS:1+OO s—0

Error for velocity input

1 . 1—T(S))
— i = ——=01 or esszlllm( =0.1
K, !Slirg sG(s)K(s)=10 e, = 0 A

Error for parabolic input
. (1-T(s)
K,=0 aridlies or e,=1lim : ok

sS s—0 S
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Lecture 10

Example 2: Step response
aly Zwl ¥l

.
*

Step Response

[ + @ T C l4¢ f ' . . .
oS s(s+10) :
[ ‘ 1.2 - - .
1 . -
100 : -
T(s)=—
s“+10s+100 g 08" / i
< 0.6 - -

= __l FMOTLAE

step(100,[1 10 100]) **
hold on;step(1,1) g/ f

’ r r r r r
0

0 0.2 0.4 0.6 0.8 1 1.2
Time (sec) 14
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Lecture 10

Example 2: Velocity response

velocity response
L

37 -
[ + € —= C
:T =1 s(s+10) ‘ 25 - /// "
2 // i
100
T (S) T S /'//
s“+10s+100 2 . g ]
< p
I / 7
step(100,[1 10 100 0])
05 - - .
hold on;step(1,[1 0]) o
4
0% e - r r r r r
0 0.5 1 15 2 2.5 3
Time (sec) 15
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Lecture 10

Example 3: The closed loop transfer function of a system
IS given. Determine asuch that the system error to step
Input IS zero.

oold dius adl> i (gl iV Jlis

a sl a5 ous o bas L 1) @ ool

3 2
S°+12s° +6s+23 38,5 Jho aly (639,94 aitucw

T(s)=

First of all check the stability:
e, =R[L-1limT(s))=0

S3 1 6 s—0
s 12 23 limT (s) =1
49 Clearly it is e
1
S o 0 stable 1:1 ey

O 23
s 23
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Lecture 10

Example 4: The closed loop transfer function of a system
IS given. Determine gaand & such that the system error to
velocity input Is zero.

ool dws asl> (it =hciagef e
as+b LgL‘a}dfmea&..""Qb.?\)bsaoA&
s° +12s° + 65+ 23 et el :
335 ye0 Ci& pw (63959 A iy
First of all check the stability: [t is stable by example 3

( as+b A

s
o R"m(l—T(S)j bz SR, 651 73
i S s—0 S

T(s) =

s—0

\ y
s’ +12s° +(6—a)s+(23—h) 5 a=06
s(s® +12s° + 65 + 23) b=23
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Lecture 10

Example 5: The closed loop transfer function of a system
IS given. Find the system error to unit step.

03ld dius adl> iwow gl Dl

as+Db ; SO

T(S)=
) s° +12s° — 65+ 23 iy

First of all check the stability:

It IS unstable so the error is infinity
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Lecture 10

Example 6: Find the different errors in following system

[+ 76 k C K K
>() P > > ) e T ) =
oAREE
System Is stable so we continue
Error for step input K, =IMGEKE) =k e =
s—0 +
Errors for velocity and parabolic input K, =K, =0 e, =

Note that the above method doesn’t say anything about how
the errors go to infinity

WS (o o Solpin w ez e SSa @ azly (g, (] &5 0S5 axg

Error series can explain the matter. =
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Lecture 10

Error series e g e

r + € C

:T_:K :G |

E(s)=W,(R(S) ()= w.()r(t-7)dz

Expand r(t—7) around t :

rt=z)=r()—r'(t)r + r”z(lt) o r’;(lt) 7R

e(t)_r(t)j w, (7)d 7 — r(t)j rw, (r)d 7 + r"(t)j —W,(r)dz ..
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Lecture 10

Error series e g e

r”(!t) I;rz W, (z)d7 —....

e(t) =r()[ w.(o)dr—r'()] zw,()dz+ :

Now consider steady value for r

e.(t)=r. (t) Or(t ( ¥ rs"z(f) —....

Co C, C,

e.(t) =C,r.(t)+C.r/(t) + % r/(t) + % r"(t)+....
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Lecture 10

Error series coefficients s 72

e.(t) = C,r.(t) + C,r'(t) + % r'(t) + % () +...
CilWind: ¢ | ew e - lielitede -

Calculation of coefficients Sl dlns

W, (s) = j: w, (r)e "*dz

CoaimW, (5). Ol el il )
s—0 s=>0 (s s>0  (s"
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Example 7. Determine the error series coefficients for systerm:

In example 1
Aol ) Jle piiccws sl 1) Uas (6 Sl o Yl

4 t\e‘ k C‘
f| A : SALiEny:
[ ‘ (s) @Q(s)
W, (s)
: 1 . dW._(s) K
= = —— S| e T

e 1+k P50 ds (1+k)?
C i X g

>0 ds?  (1+k)°
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Example 8: Determine the error series for step and velocity-
Inputs in example 1.
Sba) Jbe ;o cod g aby (slepgyg slp 1) Uas (6w A s

Bl 4 1 k — 2k
I s+1 ‘

C,=—,C = Ak S
Step: L) =1r/{t)=r/(t)=..=0

1ok 0 ek

6,(0) = Cory 0+ G0+ 2 10+ 20+ =

1+k
Ramp: r(t)=t,r/t)=1,r/t)=r{t)=...=0
C, t k
e (t)= Cors(t)+C1rS(t)+—r (t)+ r(t) + 1+k + LK)
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Lecture 10

Example 9: Compare the result of example 1 and 7/

2 alin ) V5 ) (slellie gl A Jlis

r + € k C

I : s+1 ‘

Example 1 Example 7
- Frikg 5 755
Step: o e, (t) k
Ramp: S e (t) = :
P- 92 1+k (1+ k)?

They have similar result but error series show how

the error go to infinity
)’,,31)@%43“),,&0?5&56,»ngg;w\QLA&i@L;;st!umzs
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Lecture 10

Example 10: Determine the error for following input

=100 ol oals 60lo (60949 (sl p |, Uaz Y ¢ Jls
4 e & -
-/:-f“ S K > r(t) =SIN a)ot a)o = 2
s+1
I ‘ This problem can just be solve with error series!
1 K — 2k
By example 8 we have C, = Goe T At i

—1C: y 2 y
| O o TS LI e

(/

I, (t) = sin agt, 1/ (t) = @, cos at, r(t) = —m,” sin agt, r{t) =—w, cos @.......

e, (t) = (C, —%%2 +...)sin a,t + (C,w, —%%3 +...)COS it
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Lecture 10

Example 10: Determine the error for following input

(continue)
(dalolassly suls oolo (694,9 sl |, Uas )+ Jl

r * 8‘ k C _
[ e ‘ = r(t) =sin w,t W, =2 k =100

e, (t) = (C, —f—;a)oz +...)sIn ot +(C, o, —12—33(003 +...)COS w,t

e Gl W T el e o S s U T
101 (102) 1) (101)

4 —6
e, (t) = (0.0099 - 0'202194 x4)sin 2t +(0.0098 x 2 — 5'736;?30 x 8) cos 2t

e, (t) = 0.010288sin 2t +0.019592 cos 2t = 0.02213sin(2t + 62.3°)
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Lecture 10

Example 11: Determine the exact value of error in example 8.

Sl A Jlie sl 1) Uas 535 Jlade V)l

i 2 c r(t)=sinot @,=2 k=100
[' s+1 ‘ '
S+1 s+1 2
E(S) = R(s) =
(5) s+1+Kk (5) s+101s°+4
—200 —4j+2 4)+2
101° + 4 21 +101)(=4 i 21+10D(4 |
E(s) = , (25 +10(-4)) Ll )_( )
s+101 S+2] S—2]j

e(t)=—-0.0196e " +(0.0098+0.0047 j)e*"" + (0.0098 —0.0047 j)e*"
e, (t)=(0.0098+0.0047 j)e™" +(0.0098 —0.0047 j)e*"
e, (t)=0.0094sin 2t + 0.0196 cos 2t = 0.0217sin(2t + 64.4°)
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Lecture 10

Example 12: Determine the response example 5.
J..ul.u N JL.A Lg‘).g ‘) (S G”"L’ :\\'Jl.’:.a

[t e 1ok C‘ r(t)=sina)0t W, =2 k=100

I Tt ‘ ' C(S) 100
r(s) s+101 :, / \
e/l

0.6 ﬁ

/

[u,t]:genSIQ('Slﬂ',Z), 0.4 1
T1=tf(100,[1 101]) | .|

Isim(T1,u,t); o

hold on; "oz

T2=tf(1,1) & A N

Isim(T2,u,t); o Vo L
| s — o2

Time (sec) Dr. Ali Karimpour Feb 2013



Lecture 10

Performance indices 7

o T
ISE=| e’ (t)dt Integral of the Square of the Error

» T
IAE = | le(t)|dt Integral of the Absolute magnitude of the Error
Note that these are positive values and lower value Is better

T
ITSE = _[0 te®(t)dt  Integral of Time multiplied by the Squared Error

£
ITAE = IO t\e(t)\dt Integral of Time multiplied by the Absolute Error

This performance Is used when the initial value of error Is
not very important 30
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Lecture 10

Exercises

1- Find the error of following system to step input. [-2 1 3] [0
X=| 0 -3 2||x+|1
e 0]
y=[1 2 O0]x

2- Find the error of the following systems to step input.

2000 200 500

a) M(s) = b) M(s) = c) M(s) =
LM (s) s® +15s® +50s + 2000 LIAS) s® +15s° +50s + 200 ) s® +15s% +50s + 600

3- Find the error of the following systems to velocity input.

50s + 2000 50s + 200
3 2 b) M(s) = 3 2
s° +15s° +50s + 2000 s” +15s° +50s + 200

a) M(s) =
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Exercises(continue)

Lecture 10

4- Repeat example 7 for parabolic input.

5- Find the error of following system to step input(Final 1391).

v
2 ®)

100
s(s—1)
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