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|_ecture 3

Different representations of control

systems

Topics to be covered incluae.
« High Order Differential Equation. (HODE model)
« State Space model. (SS model)
« Transfer Function. (TF model)

« State Diagram. (SD model)
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High order differential equation (HODE).

d’ v d™ty adv ad™u d™ it
;s + (. n—il y m + m—1 m—1 + +
dt dt dt dt dt dt

y Is the output

u is the input

HODE model
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Example 1: A high order dlfferentlal equatlon (HODE)

VL asye Jouil s i € 4 le

U—bx=Mx - x+—x=—u .witha=x
M M - |HODE model |
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Example 2: Another high order differential equation.
YU a5 po sty dloles 51 o Jlie YJ{M s

d’e .deé * di _
J +f—=T L —+Ri +e =e, %
dt’ fdr dt ’ [
=K, 6 -~ | HODE model
_ Eb :Kb_ & - , .
dt e o T
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State Space Models (SS)
[P PR O i

For continuous time systems

SS model

For linear time invariant continuous time systems

dz(t) — Ax U
di (&) + Bul) SS model
y(t) = Cx(t) + Du(t)
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State Space Models
cJl> LgLé.é Y oles

General form of LTI systems in state space form

LTH slgairs 2l (5Lb IS 5

dz(t
‘Zi) — Az(t) + Bu(t)
y(t) = Cx(t) + Du(t)
X, a, a, .. a, __Xl_ b, By, . . by _ul ]
X, Ay dyy - . gy | Xy b, By o b2p U,
=\ . e SS model
Xo | [@n @ - - @[ X ] [Bg By by iU, 7
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Example 3: A linear time invariant continuous time systems

LT s b poize pob o s o5 ¥l

AWBY\' 7
v () LC T m
di(t
v(t) =L d(t)
vp(t) —v(t) du(t) — v(t)
Rl — ?,(t) —+- C Tt i ,

v(t)

output

SS model
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Example 3: Continue

6\.0‘&‘ :\"JL’S‘.Q

The equations can be rearranged as follows: ;L. oole

dit) 1

T

dv(t) _ 1. 1
dt  C (t)- [RC ch()+ RC Vi (1
c(t) = v(t)

We have a linear state space model with ~ _Jl> glas s Jos

; B[?]; C:[O 1]; D=0
R.C

)
Dr. Ali Karimpour Feb 2013



lecture 3

A demonstration robot containing several
Servo motors by 50 0C 550 51 Jlis
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Example 4: DC motor

, '\/\}/%\/\/— \ J - be the Inertia of the shaft
= 1) - the electrical torque
v (1) w(t) i - the armature current
= - ki k, - constants |
o(1) > R - the armature resistance
JO(t) = To(t) = kyig(t) Let x (t)=6(t) And x,(t)=0(t)
Vo (t) = ko0(2) 4 (% r 1 ] o |°
o(t) — ko0(t _(1 j: _klkz{l }ﬁ"a(t)
() — tal) e (t) dt\x, @) |0 -2 %0] |

HODE model —p» SS model
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Different representations
il (slpioles

HODE model | ——— » |SS model

TF model SD model
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Linear high order differential equation
s M a5 et Sl

d"y d"ty dy - d"u N d™ du

1 1—1 71 T 0. it i—1 REEEEEE -I_ E}l L -I_ bﬂ”
dt’ dt’ dt dr’ dt’ dt

The study of differential equations of the type described
above Is a rich and interesting subject. Of all the methods
available for studying linear differential equations, one
particularly useful tool is provided by Laplace Transforms.

G T R T
AT u.«.a)’l.:y J.Aduu )‘ sola UT J.?- uoL> U""ﬁ) L_i) g 009
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Table . Laplace transform table
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ooy bag Jeos

s () (t > 0) L[f(t)] Region of Convergence
1
1 — o>0
s
(5D(t) % |U| < 0
i 7+ i 0
n e snfrl o >
ot c C > 3%
e e P o {a}
te®! aeC P o > R{a}
s
cos(wot) o g>0
. wO ¢
Sll'l(wot) 32—|——u_)2 a >0
ot - sin 3)s + w2 cos 8 — asin 8
e* sin(w,t + 3) (sin 5) G o) o? o > R{a}
. 2WeS8 ?
tSlD(th) m a >0
5% — W
tCOS(U)Ot) W o >0
u(t) - u(t-1) L-e

S

lo| < o
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Table . Laplace transform properties.
kY boas eles

li0) 410) Names
z I
Z a; fi(t) Z a; I5(s) Linear combination
=1 =1
dy(t
Z(t ) sY (s) —y(07) Derivative Law
dFy(t dLy(t
# kY (s) — Zle ko fg ) High order derivative
t dt ) dt o
] y(7)dr ~Y(s) Integral Law
0 s
y(tD) utr) e 7Y (s) Delay
(1) _dY(s)
v (5
thy(t S L
t y(t) (—1) TR
f1(7) fa(t — T)dT Fi(s)Fs(s) Convolution
-
tlim y(t) liII(l) sY (s) Final Value Theorem
l'1m+ y(t) lim sY(s) Initial Value Theorem
t—0 &§—00
1 g+joo
f1(&) f2(t) 7 Fi(Q)Fa(s — Q)dC Time domain product S
g—joo

eat fl (t)

Fi(s — a)

Frequency Shift
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Transfer Function model Just o6 Jos

d"y d"ty dy d™u d™"u

+a ,——+..+a,—+a,y=——+b . —+.....+b —+byu
dt” " dt™? Bge Y T g o g tdt
Taking laplace transform U zero initial condition

s"y(s)+a ,S"Y(S) +......+a,8Y(S) +a,Y(s) =s™u(s) +b_,s"u(s) +.....+bsu(s) +bu(s)

AS)Y(S)=BEU(E) =  G(s)= lfg’; _ ig TF model
Or

Input-output model

AW =s"+a,_ "+ ... +as +a,

B()=s5"+b 5"+ .. .+bhs +b,

HODE model <=—» TF model
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Different representations
il (slpioles

HODE model | —— + | SS model

|

TF model SD model
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But how can we change SS model to TF model?
S how Jsl b a |y cdls slad aYolas 4568 Lol
dxz(t)

dt
y(t) = Cul(t) + Du(t)

= Ax(t) + Bu(t)

sX(s)—xz(0)= AX(s) +BU(s)
Y(s) = CX(s)+ DU(s)

X(s) = (sI — A) " 'z(0) + (sI — A) " 'BU(s)

Y(s) = [C(sI — A)"'B +D|U(s) + C(sI — A) 'z(0)

Use Laplace transform

Then

G(s)U(s)
C(sI—A) 'B+D

Let initial condition zero Y(s)
G(s)

SS model =—» TF model
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Different representations

HODE model

lecture 3

el slpioles

SS model

| =

TF model

SD model
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TF model properties  jlaul b Jow olg=

1- It is available just for linear systems.
2- It Is derived by zero initial condition.
3- It just shows the relation between input

lec

and output so It may lose some information.

4- It can be used to show delay systems but
SS can not.

20
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Example 5. A thermal system

lecture 3

é)‘)’ iion WA

S| s i
Input signal
1
A/\/\ k
Output signal
Motor Fan
Input signal is an step function so: L (Time)
1 t>0
u(t) = u(s) = 1
0 t<0 S y(s) _ _k
( : = g(s) = =
-t ‘ ” u(s) w=+1
_Jk-ker t=20 y(s)=—=-
y( y s s+1/7
0 t<0 o

Dr. Ali Karimpour Feb 2013



lecture 3

Example 6: A system with pure time delay
ok A b o

Input Controllable
i Heat Source

Air Flow

h(s)=e*"
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State diagram

dx
50

—

lecture 3

X (5) = SX, (S) — X, (O)

X,(S) = ™ (X1 (S) + X, (O))

X(5)

—O

| S5 SD model

X5(0)

XA(S)
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State diagram to state space
2 oYoles a4 s ol Sho

1 s X, sox 1

r(s) — = ‘ — c(s)
N
A4
X =X,
X, =—=4X, —9X, +T
C=X

SD model <«=—» SS model
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Different representations
il (slpioles

HODE model | —— + | SS model

| A |

TF model SD model
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Different representations
il (slpioles

HODE SS

C+5¢+4c=r L —

TF

— (o)
1 Mason’s rule
G(s)=—; - 5
S“+5s5+4

—— Discussed in this lecture
—— Wil be discussed In next lecture
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Exercises

2-1 Find the SS model and TF function model for example 1.
2-2 Find the SS model and TF function model for example 2.

2-3 Find the TF function model for example 3.

2-4 Find the TF function model for example 4.
a) Suppose angular position as output
b) Suppose angular velocity as output

2-5 In example 5 find the output
a) the input is e
b) the input is unit step gy
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Exercises (Continue)

2-6 In the different representation slide show the validity of
red directions

2-7 Change the equations derived in example 2 to one order 3
HODE.
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