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|_ecture 4

Converting of different representations of
control systems

Topics to be covered incluae.
< Mason’s flow graph loop rule (Converting SD to TF)
« Realization (Converting TF to SS model)

« Converting high order differential equation to state space
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Different representations
il (slpioles

HODE SS

. : X, = X
E+5¢+4c=r e — ! 2

TF

— (o)
G(s) = c(s) __ 1 5 Mason’s rule <
rs) s°+5s+4

—— Discussed 1n the last lecture
—— Wil be discussed In this lecture
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Mason’s flow graph loop rule

O 0 Joe 4

SD
r(s) 1 ,s:_l X, s ‘fl '] o(s) TF
" Mason’s rule c(s) 1
7 r(s) s“+5s+4
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Mason’s flow graph lop rule

g (S 5l

IS the number of path from input to output

m
M. gain of i™ path
A loop gain of system
A

loop gain of systemafter deleting i™ path
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Example 1 ) Jbs

() — e (s) z
' | ols)_ &M
\'5/ s A
-4
m=1 M, =5 A =1

A=1->P. +> P,—> P +—..=

1- (—SSTi —4s‘2r)n2+ 0-0 IS ...... =1+5s" +4s7°

c(s) s‘?lf\l Note

r(s) 1+5s'+4s? s?+55+4 6

Dr. Ali Karimpour Feb 2013



lecture 4

Example 2 Y Jbe

G1
R(s) > C(s)
@) _,
N(s)
m=1 A :1_(_H1G4 _GzGeHz _GstG4GsH2) +((_G4H1)(_GzG6H2))
M, =1 A, =1+G,H, =1+H,G,+G,GH, +G,6,6,G,H, +G,H,G,GH,
C(s) 1.(1+H,G,) 3

N(s) 1+H,G,+G,G.H, +G,G,G,G.H, +G,H,G,GH
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Example 3 v Jbs

Find the TF model for the following state diagram.

c(s)  cl+bstl cs+b

r(s) 1+ast  s+a

This 1s a base form for order 1 transfer function.
Sl Voaz s sl Al gl b cdls SO o)
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Example 3 v Jbs

Find the TF model for following state diagram.

c(s) dst+bs?  ds+b

r(s) l+as'+cs® s°+as+c

This 1s a base form for order 2 transfer function.
el Va0 Jl &b 6l p a0l el SO opl
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Realization & sk oolo

e SS

1

G(s) =
(5) s® +55+4

NS
Il
|
AN
X
H
|
o1
X
NS
_|_
-

X
Realization X
C

> 5 -1 -\‘1 1

r(s) A S o— c(s)
N
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Realization

Some Realization methods

1- Direct Realization.
2- Seriles Realization.

3- Parallel Realization.

lecture 4

L§)L“’ ool.“._g.

S jkw °°l-:.-.f. OV =

W LS}LNJ OOL&.& —‘

S Sibw ooly Y

Silee gilw eoly -Y
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Direct Realization S-S - DO B

_c(s)  sP47s+12 s 4784125 X
r(s) s*+4s°+5s+2 1+4st+552+2s57° X

X@A+4s 4557 +25°)=r(s) — X=r(s)—4s"X —=557°X —257°X

SX +757°X +1257°X =c¢(s)
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Direct Realization

X =r(s) —4s7'X =55 X —2s7°X c(s) =125°X +7s°X +s7'X

1

b C(9)

X, =X,
X, = Xg
Xy =—2X —9X, —4X, + 1

C=12X, +7X, + X,
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; s Sy (6 ke 00ly
Series Realization

c(s)  s*+7s+12  s+3 s+4 1

G(s) = == = . .
r¢s) s°+4s°+5s+2 s+1 s+1 s+2

csS+b

S+a
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Sy Siw ool

Series Realization

c(s) s°+7s+12  s+3 s+4 1
r(s) s*+4s’+5s+2 s+1 s+1 s+2

G(s) =

1 B 5 [x] [-2 3 2T x| [1

%, |=| 0 -1 2|x, |+|1]r

X, =—2X +4X, — X, +3X; — X5 + T X3 | [0 0 1% ] [1
9 a X
X, ==X, +3X; — X, + T 1
R c=[L 0 0]x,

Xy =—X;+T
X3
15
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e L, Sslge (5ikw ool
Parallel Realization

c(s) 257 +13s+17 25> +13s+17 e 4 =

G(S): =3 > = = +
r(s) s +6s°+11s+6 (s+)(s+2)(s+3) s+1 s+2 s+3

cs+b
s+a
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Sslee (gilw eols

Parallel Realization

= 17
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Silee s slw osly

Parallel Realization

G(s) = + 1 ( = —
) 1 s+2 s+3 ).(2 Dol
Xg =—2X;+TI
C =3X; —2X, + X,

(-1
0
0

3

0 O]

-3 0

0 -2]
-2 1Jx

X+|1

18
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Parallel Realization S ilee g5lw eols

c(s) $?+7s5+12 $?+7s+12 6 -1 2
G(s)= <3 2 - 2 = 5 +
r(s) s +4s°+5s+2 (s+1)°(s+2) (s+1) s+1 s+2
53720511 e s
1) ) 44 (s
\./x3 2
-2
X, ==X + X, -1 1 0] [0]
X, =—X, +T x=| 0 -1 0 [x+|1]r
Xy =—2Xg + T |0 0 -2] |1]
C =6Xx, —1x, +2X, c=[6 -1 2]x 19
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Converting high order differential equation to state
space

HODE 27

X
X, +9% +4x =T X, —4X1 —5X2 +r
C

1

G(s) =

s® +55+4

20
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Exercises (Continue)

4-2 Find c,(s)/r,(s) for following system

R jf*% we Answer
v J% oY > O C1_ k2

Hf_% - S L, s2+k +k,
4-3 Find g such that C(s)/R(s) for following system is
(25+2)/s+2

Answer

1
| | = —
R(s) —» > > Sr C(s) g )

22
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Exercises (Continue)

4-4 Find Y ,(s)/R(s) for following system

Answer

(g +2)S2+(’%g +7)s +3
(g +1)s’ +(5g +6)s* +(6g +11)s +6
4-5 Find C,(s)/R, (s) and C,(s)/R,(s) for following system

C1
—%%—D Answer
CQ(S) 3 FA, 3 G4GSGG(1+GlGE)

R(S) A 1-G,+GG,-GH,G,G.H,-GG,G,
b';c O] a4 G(S) _BA, _ G,G,G,(1-G,)

R(S) A 1-G,+G,G,-G,H,G,G.H, -G,G,G,
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Exercises (Continue)

4-6 Find C/R for following system

Answer
GIGEIG_% (1+ G4H2)+ GEG4Gﬁ(1 + GEHI) + GIG?Gﬁ + GJ_GSGS — GIG?HEGSGJ. — GEGSHIG?G&.
1+G,H, +G,H,-G,H,G.H, +G,H,G,H,

C
R

44
Dr. Ali Karimpour Feb 2013



lecture 4

Exercises (Continue)

4-7 Find the SS model for following system.
y"+5y'+6y=u"+u
It was In some exams.

4-8 Find the TF model for following system without any inverse
manipulation.

-1 3 1 0
X=| 0 -2 0 (x+|0
0 0 -5 1

c=[1 0 O]x

u

4-9 Find the SS model for following system.

S*+35 +25%+48 +1
S*+25° +35%+55 +1 25

Dr. Ali Karimpour Feb 2013
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Exercises (Continue)

4-10 Find direct realization, series realization and parallel realization
for following system.

s+1
(s +25+2)(s+3)

4-11 a) Find the transfer function of following system by Masson
formula.

b) Find the state space model of system.

c) Find the transfer function of system from the SS model in part b
d) Compare part “a” and part “c

r(s) O—b—w—b—o c(s)

It appears In many exams.***** £
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Exercises (Continue)

4-12 a) Find the transfer function of following system by Masson
formula.

b) Find the state space model of system.

c) Find the transfer function of system from the SS model in part b
d) Compare part “a” and part “c”

c
r(s) o—s—rd

Regional Electrical engineering Olympiad spring 2008.*%7**
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Appendix: Example 1 a) Draw the state diagram for the following

differential equation. b) Suppose c(t) as output and r(t) as input and find

transfer function. dzc.‘(f) dc‘(f)
dt’ dt

+4de(t) = r(1)

Solution: a) Consider %1 (t) = c(r), x,(1) = ¢'(7) then we have:
x (1) =c'(t) =x,(t) apd x>, (&) =¢"(2) =r(t) —4c(t) =5c'(t) = r(t) —4x,(t) = 5x,(¥) 4o

A X5 A} x] 1

r(s) c(s)

b) By general gain formula, transfer function 1s:
c(s) MA, (.5‘_2)::(1 - 1
r(s) A 1-(-5s7-4s7) 7 +55+4
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Appendix: Example 2: Express the following set of differefitial
equations In the gpemxaf + Br() and draw
corresponding state diagram.

X, = %, (1) + 2, (1)
X, = =2X,(t) + 3%, (t) + r,(t)
Xs ==X (t) — X, (t) +1, (t)

Solution: Clearly
-1 2 0] 0
X=[-2 0 3|X+|I
-1 -1 0 0
State _diag;ram is:

013
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Appendix: Example 3: Determine the transfer function of
following system without using any inverse manipulation.

A 0
X()=| 0 =2 0|X@®+|0fr®) c®)=[L 0 OX(t)+2r(t)
0 0 -5 1

Solution: Transfer function without inverse manipulation is possible by using state diagram, state
diagram of system 1s:

2

By using general gain formula, transfer function is:
c(s) MA +M,A, 2x(1—(=5s7 =257 —s7) £ (1052 +557 +252) = (=1057))+ 57 x (1 - (<257")
r(s) A - I— (=55 =257 —s )+ (105> +55 2 +2572) = (=105 )

257 +16s57 +355+22

574857 +175+10
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Appendix: Example 4: Determine the modal form of this
transfer function. One particular useful canonical form is

called the Modal Form.

It Is a diagonal representation of the state-space model.
Assume for now that the transfer function has distinct
real poles pi (but this easily extends to the case with

complex poles.)

N (. N (&
gy = N _ )
D(e_q) (S - pl)(es) - pz) et (89 — pﬂ.)
1 79 'n
S—p1 S — o s — Dn

Now define a collection of first order systems, each
with state Xi .
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Appendix: Example 4: Determine the modal form of this
transfer function. One particular useful canonical form is
called the Modal Form.

X 1 1 .
= = T =P1r +
X5 r -
= = L9 = Polo + 'l
U(s) S — P2
X n 7“-;"3_ - " ’
— :> :Ln_ — p?"{l?'?. _|_ Tnu
U (S) S — pn_

Which can be writtenas x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

32
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Appendix: Example 4: Determine the modal form of this
transfer function. One particular useful canonical form is
called the Modal Form.

With : Dy ] Ty '1'T

Pn 'n 1

Good representation to use for numerical robustness
reasons.

Avoids some of the large coefficients in the other 4
canonical forms.
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