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Topics to be covered include:

< Nonlinear systems

< Linearization of nonlinear systems

« Transfer function representation

2

Property

Poles and zeros and their physical meaning
SISO and MIMO

Open loop and closed loop system

Effect of feedback

Characteristic equation for SISO system
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Nonlinear systems. s o slocodiammn

Although almost every real system includes

nonlinear features, many systems can be reasonably

described, at least within certain operating ranges, by
linear models.

sb> o ) m, K e Blas lg oo ) Lt 51 (6 jln

.09.0.3
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Nonlinear systems. s o slotmaw

z(t) = fla(t), u(t))
y(t) = g(=z(t), u(t))
Say that {x(2), u (9, V ()} Is a given set of trajectories that
satisfy the above equations, so we have
zq(t) = flzg(t),uq(t));  zq(t,) given
yo(t) = g(zq(t), ug(l))

. s, 0
B(1) ~ flog,ue) + 5| (@) —za) + | (ult) — o)
U=uUqg U=UY
2, 2,
u(t) ~ g(zque) + 5| (@lt) —wg) + 5| (ult) — ug)

U=UD
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Linearized system ol s o

. of Of
SO~ [ogug) 5| @) —wg)+ | (ult) ~ug)_
U—=UY U—=UQ
- Og 99
y(t) ~ glaguue) + 52| (a(t) —30) + | (ult) — ug)
U—=UQ U—=UQ
. _of of B
B(1) — S (@auu) ™ 5| (@) ~3Q) + Z| . (u(t) - ug)
U=U U=Uc)
dg dg
y(t) - 9(aguq) ~ 52| (a(t) —3) + ool . (ult) - uq)
U= U=U
Linearization procedure 4 oF| B of
Sx=ASx+BSu é23 s Ou |7 s
og og
oy=Cox+Do C=—= ., D=—=
Y o . O |*= % Ot |*=%g
u=ti, n=tip, e
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Example 1

Consider a continuous time system with true model
given by

Assume that the input «(9) fluctuates around v = 2.
Find an operating point with ¢,=2 and a linearized
model around it.

22
UQ=2 = 0:—\/%+? — xQZE

Operating point:  u,=2 X;=— ;
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Example 1 (Continue)

2. Operating point:

dx(t) (u(t))
— l t)) = — l _ 16
i = @O0 = VRO e
Lme.arizatian procedure A of . - of
Ox=Aox+Bdou axiiig a”;:iﬁ
Oy=Codx+Ddu C:z—iizig, :%;?
of 1 3 of 2 4
A__lx:x u=ug — ~— 75 B_—l = =—
ool T8 B g b 3%
° 3 4
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Example 2 (Pendulum)
Find the linear model around equilibrium point.

d?o .
J—-=ul-mglsing, J =ml°
dt
d’¢ u . .
= —gsmﬁ X, =60,X,=60
u dt® ml |
X, =X SR T
1772 X0 = X0 =Ug =0
. u : : : .
X, =——g3|n X, IS Operatlng pOlnt
ml |
Lme.axization procedure A:g . B:g - 7 - 0 1— 7 _O L2
Ox=40x+Bdou 83:;;53 8“3.;1;; |: X1:|: g |: X +| 1 Su
_ _%| . _% OX —= 0] X —
0y=Cdx+Ddu C—ax;:gfg, D o 2 i | . 2 _mI_

Remark: There is also another equilibrium point at x,=u=0, X,=x °
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Example 3 Suppose electromagnetic force is F/y and
find linearzed model around y=y,

2 2
e ey
2 dt y
i ° di Xl—y,X2=yX3=I
e(t) = Rji+L—
y dt
()
et e R, et
XX X, =0———— x3_——1x3+ﬁ
M X, L L

Equilibrium point:

X0 = Yo Xoqg = 0 X3q = iQ =4/ Mgy, €0 = Rl\/ Mgy,
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Example 3 Suppose electromagnetic force is F/y and
find linearzed model around y=y,

i 1 R e(t
S—F poe S ille, L p i i x3_——1x3+ﬁ
> , M X, L L
Y Equilibrium point: (X1Q Kog 1 X4 ) (yo ,0, Mgy, , R,+/ Mgy, )

@ Linearization procedure = &f| B of
DRy PN Ox[x=7o Ou |7 7o
Sy=Coéx+D3& C= % D= %2
y==ox ¥ O |77 Ot |*=%g
H=i, L=u,
XK, =X, : J =G
LR DS |
X X
o= S o 1y “apif o
Y, My, X, |=|=— 0 =2 X, [+| 0O |o(t)
5. yO Myo 5 1
SFR &(t) Bece L AT
Ky = ——L Ky +——= 0 0 R L 11
I_ B L i Ali Kari%pour Feb 2013
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Example 4 Consider the following nonlinear system. Suppose ¢« 9)=0
and initial condition Is x;;=X,,=1. Find the linearized system around
response of system.

2
% (1)’
X, (t) = u(t)x,(t)
%) =0x(1)=0 = x(t)=a=1

Xl (t) 7

Xli==1 - x{)y=eh——t £l

Linearization procedure A= af| B of
Ox=A40x+Bdu o i 8@{;35
og og
oy=Cox+Do C=-—= : D=2
Y .?C “ ax |7=%p O | =g
L=l H=ip

o oladtiice
o= + ou(t)
X, 0 0], 1-t L2
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Linear model for time delay

—7S 1 1 1
€ gl T 2 3 = 2
| e IR T szl oA
ir
AL e 2 1_55 . :
& = g Pade approximation
5° 1+—s
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Example 5(Inverted pendulum)
oo Jonib O Jlee

T
Figure 3.5: /nverted penaulum

y(®)

—

In Figure 3.5, we have used the following notation:

D - distance from some reference point

0() - angle of pendulum

M - mass of cart

m - mass of pendulum (assumed concentrated at tip)
/ - length of pendulum

) - forces applied to pendulum 14
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Example of an Inverted Pendulum

15
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Nonlinear model

Application of Newtonian physics to this system
leads to the following model:

i=- +Slin29(t) [fg) 1 62(t)Lsin 0(t) — geos 0(t) sin 0(2)

_ ! () YR |
0 = Do T S0 {— ——cos 0(t) + 0°(t)fsin 6(t) cosO(t) + (1 — Ay, ) g sin 0(t)

where = (Mm)
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l_inear model

This Is a linear state space model in which A, B and C are:

0 1 0 0 0
00 =42 0 L
_ M . _ M . _
A=1, 0 | B=| ¥ |; €=[1 0 0 0
M+m 1
0 0 (ntm)g 0_ L M/
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TF model properties  jlaul b Jow olg=

1- It is available just for linear time invariant systems. (LTI)

2- 1t is derived by zero initial condition.

3- It just shows the relation between input and output so it
may lose some information.

4- 1t 1s just dependent on the structure of system and it Is
Independent to the input value and type.

5- It can be used to show delay systems but SS can not.
18
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Poles of Transfer function Js! st cdas

Transfer function G(s) =%

Pole: s=pis a value of s that the absolute value of TF Is
Infinite.

How to find it? Let g(s)=0and find the roots

Why is it important? It shows the behavior of the system.

19
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Example 6 Poles and their physical meaning
il (S olsz g Lpdad

S+6
s° +55+6

roots([1 5 6])

Transfer function G(s) =
S2t5s+6=0 2>  p,=-2 D, =3

Step Response of c(s) = 25+6 :E+ 2 n 1
S(s“+55+6) s s+2 s+3

c(t) =1u(t) — 2e2t\u(t) +1e'u(t)

IU_Z: _2/ 102:_3 20
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Example 6 (Continue)

S+6
s° +55+6

Transfer function G(s) =

Time (sec)

<) MATLAR Step([l 6];[1 5 6]) “t
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Zeros of Transfer function Jsl &b jas

Transfer function G(s) =%

Zero: s=z1s a value of s that the absolute value of TF Is zero.

Who to find it? Let n(s)=0and find the roots

Why is it important? It also shows the behavior of system.

22
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Example {  Zeros and their physical meaning
il (s Plom 9 b yao

S+6 10s+6

Transfer functions co--t— co-5—

| 1

Z_Z: '6 ZZ:_0'6
S+6 1 —2 1 —2t —3t
C.(S) = =—+ + c(t)=\1-2e +1e t
1(8) s(s°+55+6) S S+2 s+3 () ( \)u()
e (s)=—05*0 1 7 78 y=(r7e® —8e ¥ )

T 5(s?+5546) s S+2 S+3
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Zeros and their physical meaning
Example 7 ol (52 2ls? 5 o jieo

Transfer function ce-_S2°_  c,-1%

5245546

P step([1 6],[15 6]) ;holdjon;step([lo 6],[1 5 6])
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Example 8 Zeros and Its physical. meaning
P il (o2 Plem g bbyao

V+oy+0oy=u+u

Transfer function of the system Is:

S S+1
M = It has a zero at z=-1

U(S)_SZ—I—SS—I-G /

What does it mean? u=e'' and suitable y, and
y'o leads to y(t)=0

25
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Open loop and closed loop systems -

Open

IOO p S Controller L Plant __”'@.
CIOsed r(t) JL? e(t),_ Controller ﬂ» o Ay
loop |



When iIs the open loop representation applicable@.rs

« The model on which the design of the controller
has been based Is a very good representation of the
plant,

< The model must be stable, and

« Disturbances and initial conditions are negligible.
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SISO and MIMO

ST N (699,90 M g (g, S (6999 U e

Uy ——>Systen—> V1

SISO

Uy—s el

Uy—— SYStem—— y,

bl o= FeTeRaEd £,

MIMO
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Sensitivity i F

Sensitivity Is defined as.

< _MI/M _M G
0G/G oG M

M Is the system + controller transfer function

G IS the system transfer function

29
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Sensitivity hitie e
L k) G5 LS M =G(s)K(s)
Open loop system o M G K (s) G(s)
G M UTTK(S)G(s)
o c M (5) = B)5(S)
—»T— K(s)— G(s)T 1+ K(s)G(s)
ot oM G 1
Closed loop system AN K(s)G(s)
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Feedback properties

Suad bS5 g

Feedback can effect:
a) system gain

b) system stability
c) system sensitivity

d) noise and disturbance

31

ecture



lecture 5

Exercises

5-1 Find the poles and zeros of following system.  G(s)=— 322+4
S*+3s°+3s+3

5-2 Is it possible to apply a nonzero input to the following system
for t>0, but the output be zero for t>0? Show it. y”+5y' +6y=2u"+u

5-3 Find the step response of following system.

s*+4

G(s) =
(5) s*+3s*+3s5+3

5-4 Find the step response of following system for a=1,3,6 and 9.

as+2

S°+2s+2

5-5 Find the linear model of system in example 2 around 5
X2:U:O, X1l=n Ali Karimpour Feb 2013

G(s) =




