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Topics to be covered incluae.
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State space representation.
» State transition matrix.
+ Calculation of state transition matrix for time varying system.

+ Significance of state transition matrix and Its property.
State transition equation.
State transition equation determined by state diagram.

Eigenvalues of the matrix A in state space form and
poles of transfer function

Similarity transformation.
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State Space Models <> slas Jos

General form of state space model dt
y(t) = g(z(t), ult), t)
dxz(t)

LTI systems di
y(t) = Cux(t) + Duf(t)

= Ax(t) + Bu(t)

If initial condition and input are defined, then x(t), y(t) ?
fowl iz X(1) gy(1) Slade ol jasin (69955 5 adsl Lail i 5

Start with homogeneous equation A5 £yl (Sep dlolaa b

X:AX X(tO):XO 3
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State transition matrix i sl . sk

X=AX X, =0)=x(0)
X(t) = #(t)x(0)

¢(t): IS state transition matrix it Jsl . sk

If t, IS not zero

X(t) = ot —1,) (L)

'g N
o
=



Determination of state transition matrix
o J oy il (e

Method | X = Ax X(t,) =X, Jsl Ghe;

SX(S) =X, = AX(S) — x(s) = (sl — A)™"x,

X(t) = LH(sI—A) L )x,  x®=s)x

/

p(t) =L ((s1 - A) )
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Determination of state transition matrix
o J oy il (e

Method Il X = Ax Xx(t,) =X, F9S (199

X(t)=e"x,  xO=¢0x

>

p(t) =e”

e = +At+iA2t2 | 1
1.2 1.2.3

343 — 1 i
=1 —A't
At® + +;i!
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Determination of state transition matrix
o J oy il (e
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So ith column of @ is the response of system to

0

x| %) | Method I
X ()] | /L %, (0)_

iR 19
(1) _ out)  o,(t) 'a _ 11(
X (t)_ _¢21(t) ?5,(t) |0/ ¢21(t
_Xl (t) _ _§011(t) @, (1) ﬂ:(j): 12( | poz;l_m
R (t)_ _¢21(t) 05, () K1 ¢22(t 1 i
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Example 1 State transition matrix and x(%)
Sulo ) X1 g ol sl e ple i) s

X = X X(0) =

X(t) = L(sl — A)*)x,

o(t) = L_l((Sl — A)_l): Ll[{s +2 -1 }1] _ o SJer (s+2)1(341r3)

0 S+3 0 =

S+3 |

e e — e_3t X, (t) o2t a2 _a3t o 2 _ gt
At = 0 a3t |:X2 (t)} i { 0 e M :{ e }
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Property of state transition matrix for LTI systems
LTI slgatms 15 2l JESH g ilo ol

1- @)=
2. DdL(t)= D(-t)
3- Dt t)D(Lty) = O(t,t)
4 OK(t) = d(Kt)
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State transition matrix for time varying systems
Oley b yeiio Slptns (sl 2> Jlassl s 5l

t O

. {0 0} X, (t) =0
X = X
Xz (t) — txl (t)
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State transition equation sl st dobas

X = AxX+ Bu X(to):Xo

SX(S) — X, = AX(s) + Bu(s)

X(S) = (sl — A) "X, + (sl — A) " Bu(s)

Convolution
Integral

X(1) = ()%, + [ ¢t —7)Bu(r)d

t

State transition equation =(t) = A" ")z, + f M Bu(7)dr

i, 13
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Example 2 Find state transition equation for unit step
Sl s>ty aby Jleel (28 L) el Jlass! alsles oY Jlis

. T 2 1 O _Xl(O)—
X = X+| U x(0)=
0 -3 1 %, (0)

X(t) = LH{(s1 - A) ),

o(t) = L_l((Sl — A)_l): L1£{S +2 -1 }1] _ o SJer (s+2)1(341r3)

0 S+3 0 L

S+3 |

p(t) =

— — 12
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Example 2 Find state transition equation for unit step
Sl s>ty aby Jleel (28 L) el Jlass! alsles oY Jlis

—2t —2t

-2 1] To X, (0) _|e7 er-er
X{ 0 _:JHMU X(O):{XZ(O)} P {0 e }
t
X(t) = (t)x, + IO o(t—7)ou(r)dr
) e—2t e—2t_e—3t Xl(O) . e—2(t—T) e—2(t—f)_e—3(t_f) 0
<O {0 e }{xz (0)} L {0 e }Mu(f)dr

e e _e[x(0)] |2 g0 o
R MR food 1 A T
0 € Xz(o) 0 e

..... 13
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Example 3 Find x,(s)and x,(s)

Swlo |y Xo(5) g Xi(5) ddolas ¥ L

=2 1 0 %, (0)
X = X+ U x(0)=
0 -3 |1 %,(0)_
X(s) = (sI — A)*x(0) + (sI — A)*Bu(s)
s+2 -1 | s+2 -1 170
X(S) = X(0) + u(s
(){O s+3} (){O S+3}L}()

1 1 ] i 1 1 1 ]
{xl(S)}: s+2  (s+2)(s+3) {xl(o)}+ (+2(+3) |y _ 51229762619 OV 5169 ®
X, (s) 0 1 [%(0) 1 Ly (0)+iu(s)

s+3 | s+3 | i $+3 ° s+3
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2Example 4: Derive Xx;(S)by using state diagram.

1 1

1
%)= 2O 619 YV s
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Relation between SS model and TF model.
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Ji! s 5 o slas Yolas o bLS)

dxz(t)

—— = Ax(t) + Bu(t) Y(s) = G(s)U(s)
y(t) = Cx(t) + Dult) G(S) — C(SI — A)_lB D
G(s)=c UG =A g 5
S| —A\

Poles of G(s) ?  Eigenvalues of A (modes) ?

Poles of G(s) & Eigenvalues of A
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Example 5: Find the poles of transfer function
and the eigenvalues of A
0 1 0] [0
x= 0 0 1|x+|/0u LSlQ.‘L’é wg_lja,o ;QJ[;’;,O

0 2 8] L A o515 polas 5 Jlasl o

y=[1 1 0
s -1 O
SI-A=0 s —1]|=5%+652+115+6=(s+1)(s+2)(s+3) oA
6 11 s+6 eig(A)
S+1
g(s)=d +c(sl—A) b= S+l + 1

1652111516 (3+1)(5+2)(5+3) (5+2)(5+3)

<) MATLAE

[num,den]=ss2tf(A,b,c,0), g=tf(num,den) , g=minreal(g) "
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Example5: Continue

dols :&JL‘LA
0 1 0] [0]
x={ 0 0 1 ({x+|0u 1
-6 -11 - G(s) =
A R ) (s+2)(s+3)
y=[1 1 O0]x
Eigenvalues of A Poles of system
A oig polis o (5 lgdas

What happened to -1 ??7117? 18

Dr. Ali Karimpour Feb 2013



lecture6

Change of variables (Slmllarlty transformatlon)

X = AX + bu Ais 3x3 Dbis 3x1
et .
yzcx+du cislx3 dislxl
W, =X, — X, W2 e P2
W,=X%+2X, = w=|1 2 0x=Px = x=P'w=[1 2 0| w
W, = X, + X, 01~ A
X = AX + bu Phv=AP'w +bu W=P AP *w+ Pbu
y =cx+du 7 y= cP'w +du = y:(f__lW-l—EU
W=Aw+ bu A b é d

A 3 19
y=Cw+ du
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Example 6: A similarity transformation example
oilen a5l Jle So 7 Jls

-3 -6 -4] [6] :
B S S| Eigenvalues of A
G 6 4 Ao}’.ig J.)QLO.Q
y=[2 2 -1]x

[-2\-1 2 -2 0 0 ~4.9] ¢é=cP*=[-04 06 O]
pt= 1 -1| A=PAP'=| 0 -1 0| b=Pb=| 0
\ -1 2 0 0 -4 g d=d=0

Eigenvector corresponding to -2

-2 0 0] [-49 : :
g e T Eigenvalues of A
0 20224 3 A oy yolie
y=[-04 0.6 O]w

20

New system is very simpler than older. aiwimo wow:



Similarity transformation and eigenvalues =

03.309 J.?’QLB.A 3 LQ)..?..L:.«O ).#“A-i:;

X=AX + bu Eigenvaluesof A _ ’SI . Aj ~0

y=cx +du Hopes

2=Az +bu Eigenvaluesof A — ‘sl —&=0
: o s £t

y=6z +du g

‘sl—f\

~ [s1 - PAP | = PSP~ PAP | = Wﬂsl . AHI7[1‘ =[sl - A

A Similarity transformation
= 'SI —A|=‘S| _Ai does not affect the

eigenvalues of the system
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Exercise

1- Find the state diagram of the following system

-2 1 3 0
X=| 0 -3 2[x+(1]u
1 4 -1 0

2- Find the transfer function of the following system.
a) By use of the formula between the two representation.

b) By use of state diagram r 1 3} ﬂ
X=0 -3 2| x+1u
1 4 -1 0
y=[1 2 O0]x
3- Find y(?) for initial condition [1 3 -1]" and the unit step as
input. | r L 3} 0}
X= 0 -3 2|x+|1|u
1 4 -1 0

y=[1 2 O0]x
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Exercise (cont.)

4- The state transition matrix and state transition equation
of following system.
X (t) = {_01 _ﬂx (t) + mr(t)

s v} 1 : —t —t —4t
AnSWGF IS. ¢(t)=L1((sIA)1)=L1[{S+1 —3} JL{SH 32+53+4][e erere }

0 s+4 1 0 e

s+4

e—t e—t _e~4t ; e—(t—r) e~(t—‘r) _e—4(t—r) 1
X(t) = {0 - }X 0) + IO {O o-4(t-) }L}R(T)dt

5- Suppose x,(0)=1, x,(0)=3and x,(0)=2and r(t)=u(t). Find x(1)
and ¢(t) for t=0

-1 4 0 1

2 -2 1}@){1

0 0 -3 0

X (t) = () ct)=[L 0 O]X(t)
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