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Lecture 6 

Topics to be covered include: 

 State space representation.   

 State transition matrix. 

 Calculation of state transition matrix for time varying system. 

 Significance of state transition matrix and its property.  

 State transition equation.  

 State transition equation determined by state diagram.  

 Eigenvalues of the matrix A in state space form and 
poles of transfer function 

 Similarity transformation. 
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State Space Models 

General form of state space model 

LTI systems 

 هذل فضای حالت

If initial condition and input are defined, then x(t), y(t) ? 

 x(t) ٍ y(t)    اگر شرائظ اٍلیِ ٍ ٍرٍدی هشخض باشذ هقذار                   چٌذ است؟

Start with homogeneous equation با هعادلِ ّوگي شرٍع کٌیذ.  

Axx  00 )( xtx 
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State transition matrix هاتریس اًتقال حالت 

Axx  )0()0( 0 xtx 

)0()()( xttx 

matrixtransitionstateis:)(t  هاتریس اًتقال حالت

)()()( 00 txtttx 

If t0 is not zero 
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Determination of state transition matrix 

 تعییي هاتریس اًتقال حالت

Axx  00 )( xtx 

)()( 0 sAxxssx 
0

1)()( xAsIsx 

  0

11 )()( xAsILtx  

 11 )()(   AsILt

0)()( xttx 

 Method I رٍش اٍل
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Determination of state transition matrix 

 تعییي هاتریس اًتقال حالت

Axx  00 )( xtx   رٍش دٍم

0)( xetx At 0)()( xttx 

Atet )(

...
3.2.1

1

2.1

1 3322  tAtAAtIeAt

Method II 
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Determination of state transition matrix 

 تعییي هاتریس اًتقال حالت

 رٍش سَم
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So ith column of Φ is the response of system to 
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Example 1 State transition matrix  and x(t) 
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. هاتریس اًتقال حالت ٍ          را بیابیذ: 1هثال   x(t) 
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1-         Φ(0) = I 

 LTIخَاص هاتریس اًتقال حالت در سیستوْای 

2-         Φ-1(t)= Φ(-t)  

3-         Φ(t2-t1)Φ(t1-t0) = Φ(t2-t0) 

4-         Φk(t) = Φ(kt) 

Property of state transition matrix for LTI systems  
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State transition matrix for time varying systems 

 هاتریس اًتقال حالت برای سیستوْای هتغیر با زهاى
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State transition equation هعادلِ اًتقال حالت 

BuAxx  00 )( xtx 

)()()( 0 sBusAxxssx 

)()()()( 1

0

1 sBuAsIxAsIsx  

 dButxttx
t

)()()()(
0

0  
Convolution 

integral 

State transition equation 
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Example 2 Find state transition equation for unit step 

uxx 
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. هعادلِ اًتقال حالت را با فرض اعوال پلِ ٍاحذ بیابیذ: 2هثال   
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Example 2 Find state transition equation for unit step 

uxx 
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. هعادلِ اًتقال حالت را با فرض اعوال پلِ ٍاحذ بیابیذ: 2هثال   
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Example 3 Find x1(s) and x2(s) 

)()()0()()( 11 sBuAsIxAsIsx  

uxx 
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  ِ Example 4: Derive  x1(s) by using state diagram. 

uxx 
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Relation between SS model and TF model. 

 ارتباط بیي هعادلات فضای حالت ٍ تابع اًتقال

DB
AsI

AsIadj
CsG 






)(
)(

Poles of G(s) ? Eigenvalues of A (modes) ? 

 ؟ Aهقادیر ٍیژُ ٍ  قطبْای تابع اًتقالارتباط بیي 
Poles of G(s)  Eigenvalues of A  
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Example 5: Find the poles of transfer function 

and the eigenvalues of A 

 هطلَبست قطبْای  : 5هثال

 Aٍیژُ  تابع اًتقال ٍ هقادیر
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Example5: Continue اداهِ: 5هثال 
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Eigenvalues of A 
 Aهقادیر ٍیژُ 
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Poles of system 
 قطبْای سیستن

What happened to -1  ??!!?? 
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Change of variables (Similarity transformation) 
 (تبذیلات ّواًٌذی) تغییر هتغیرّا 
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]06.04.0[ˆ 1  cPc

Example 6: A similarity transformation example  
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 یک هثال از تبذیل ّواًٌذی  : 6هثال 
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Eigenvalues of A 
 Aهقادیر ٍیژُ 
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42 
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Eigenvalues of  
Â هقادیر ٍیژُ

Â

New system is very simpler than older 
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Similarity transformation  and eigenvalues 

 تغییر هتغیرّا ٍ هقادیر ٍیژُ
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ducxy
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0 AsI

Eigenvalues of A 
 Aهقادیر ٍیژُ 

Eigenvalues of  
Â هقادیر ٍیژُ

Â 0ˆ  AsI

  11 PAPPsP 1PAPsI  1PAsIP

AsIAsI  ˆ Similarity transformation  

does not affect the  

eigenvalues of the system 

 AsI ˆ AsI 
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Exercise 

1- Find the state diagram of the following system 
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2- Find the transfer function of the following system. 

a) By use of the formula between the two representation. 

b) By use of state diagram 
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3- Find y(t) for initial condition [1 3  -1]T and the unit step as 

input.  
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Exercise (cont.) 

4- The state transition matrix and state transition equation 

of following system.  
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Answer is:  

5- Suppose x1(0)=1, x2(0)=3 and x3(0)=2 and  r(t)=u(t) . Find  x(t) 

and c(t) for t≥0 
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