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Lecture 8

| ecture 8

Pole placement

Topics to be covered incluae:

Pole placement with state feedback.

State estimation
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Lecture 8

Use of state feedback to control a system
il el e X sl

X = AX +bu
y =CX + du
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1x n constant

State feedback ? U=r—kx

A
nx1vector
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Lecture 8

Use of state feedback to control a system
il el e X sl

— Ax+h What are the eigenvalues?
X = AX+Dbu
y = cx +du rootsof |sI-A|=0

Let u=r-kx where k IS an 1 xn vector
X = AX +b(r —kx) X =(A—-bk)Xx+Dbr

—

y=cX+d(r—kx) y=(c—dk)x+dr

New elgenvalues?  rootsof [sI-A+bk/=0

impour Feb 2013



Lecture 8

Use of state feedback to control a system
(mitsonincd J)MS LS‘)" o_i.u&.d )‘ oolazu]

X = AX +bu - u:r‘_kx‘ % = (A—bk)x +br
y =CX + dU state feedback y = (C =L dk)x_|_ dr

Is it possible to assign the eigenvalues arbitrarily?

Theorem: If the /~dimensional state equation (1) is controllable, then by

state feedback w=r-kx, where k iIs a 1xn real constant vector, the

eigenvalues of A-bk can arbitrarily be assigned provided that complex
conjugate eigenvalues are assigned in pairs.

cI Soad b oKl sl pdy JsS (1) gon 1 Sl o¥oles 51 iauuad
Gygay b lalss o5y polie a5 0ged azgi Wb aldl 8g0d puxd olgzds
Dgls ol g0 50
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Lecture 8

Example 1. Is it possible to assign the eigenvalues of
following system on arbitrarily positions

95,5 bul> olgsds jola | 5 i 059 polis s (oo b2 Jlis

0 05E=8 1 1 0 -16]

Zu A A
1 0 -16

S|=2 1 -28=-21 — System fs controllable
0 2 -13

So It Is possible to assign the eigenvalues on arbitrarily
position.

.Q‘Q )‘JB o‘gﬁdd LSLQ[J&A )d ‘) o'}.‘{g )JQLQ.A U‘ﬁ" o ‘JJ 6
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Lecture 8

Example 2. Consider following system.
egetee (i Pl APy oma . /1 i i

GERE I ST
X= 8 20 2 3ee (2) ” —>  System Is not controllable

1) Is it possible assign the eigenvalues on an arbitrarily places?c|ear|y NoO
72 &S Cowl idlg Sols 15 olgsds GlilSe jo 1) 0%y polie e o LT

11) Is it possible to assign the eigenvalues on -3, -4, -2 ?  Clearly Yes
aly 45 Cowl mdlg Eols 1,52, -3, 4 ;5 1, 0559 polie s o LTI

[11) Is it possible to the eigenvalues on -13, -2+3j ? Clearly No
32 &S cuslgedlell iy |5 -13, 2431 I et lslie 7 oo (I

V) Is it possible to the eigenvalues on -3, -2+3j, -2-6j ? Clearly No

)-“9‘ AS w‘ Gﬁéb Calo )‘J.Q '3, '2+31, '2'6J o ‘) 0)43 JJQLO.Q Iﬁ-l)!éafKSrﬁlO7 LJ IV
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Lecture 8

Methods of pole placement
ledos Joxo (pnd (slody

1- Direct method. s gy )

2- Use of similarity transformation.
LSJJJLC& u)l.:du.: )‘ oolawl =Y
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Lecture 8

Direct method of pole placement
lead oo (s e g,

X = AX +bu

Letu=r—[k, k, ...K ]X
y =CX +du

Find: ‘SI -A+ bk‘ = Desired characteristic equation

Polynomial of Polynomial of
Degree n Degree n

Then determine k,, k,, ... , k., from above equation
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Lecture 8

Use of similarity transformation for pole placement
Let...Lﬁ Jz,o u.a_».i.’ 5O LQAJ.SLQ.@ u)l.ad.u )‘ solazu!

0 17— Qariarastis == g
0 1 0 0
X = AX + bu W = PXx e B e ] o e W+|.. |u
0 0O O i
il il a1
Characteristic equation of systemis: s" +a_,s" " +a_,s"*+..+a5+a,
0 1 0 .. 0o
0 0 1 0
A-bk =

0 0 0 1
Desired characteristicequationis: s" +b_,s""+b __s"*+..+bs+b, *°
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Lecture 8

Use of similarity transformation for pole placement
lodas foro pusd jo (guilon EDLOS 5l oslal
0 0 |

? ?

lz:[ —d, b1 a bz_az

d
r—ié‘—LbA(T)X' j o—[C -@L/y=
A
ﬁm )
Ey k

U=r—kw =r—kPx =r—Kkx —— k=kPZ
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Lecture 8

Example 3: Assign the poles on -2+ if it Is possible.
Seas 324 o, leadad Sl g0 0 Y s

R 1 0] |S|=—1#0 Method |
g XiE| U=
_O —1_ _1_ _1 _1_ System is controllable
So it Is possible to assign the poles on -2+ .
1 -1| [1] _1—k0 —1—k1_
A—-Dbk = -k, k=
0 -1 |1 =k, 1=k
\sl A bk\ s-1+k, 1+Kk; ,
— A+ — — — 1 —
K s+1+k, s +(k, +k,)s—-1-k;

s*+(k, +k)s—1-k =(s+2+ j)(s+2—-j) =s*+45+5 — k=[10 —6]
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Lecture 8

Example 3: Assign the poles on -2+j If It IS

possible. i
s 1,8 -24) ol ladad Sl &g o Y Jlis

il EL 1 0] |[S|=-1#0 Method Il
0 -1 1 _1 —1_ System is controllable

So it Is possible to assign the poles on -2+ .

A T
Bl G0 e
0A )
System characteristic equation: s°+0s-1

Desired characteristic equation: (s+2+j)(s+2-))=s*+4s+5

k=[b,—a, b-a]=[5-(-) 4-0]=[6 4] — k=kP=[10 -6]
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Lecture 8

Example 4: It is not always this easy, as lack of
controllability might be an issue.

Consider this system:
With the same control X(f) =

approach

Ay =A-BK =

I

0 2

P
0]

L

11—k
0

1—]{?2-
)

det(sI — A-d) =(s— 1+ kl)(s —2)=0 -

So the feedback control can modify the pole at s = 1, but it

cannot move the pole at s = 2.

s=2 IS a fixed mode.
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Lecture 8

Use of state estimation to use in feedback loop
SOdd o 40 ool gl Cdle 5 e 5l ol

|‘ { d
' X y

I’+Au_ b X j C
. 1

X X Estate
i k |' Estimator

States are not available!

Condition for R e
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Lecture 8

Use of state estimation to use in feedback loop
SOdd o 40 ool gl Cdle 5 e 5l ol

|‘ { d
' X y

I’+Au_ b X j C
. 1

X X Estate
i k |' Estimator

—

ou + | (cx —cX)

>
|
Z

>
I

ou + 1 (y —cX)
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Lecture 8

Use of state estimation to use in feedback loop
SOdd o 40 ool gl Cdle 5 e 5l ol

R=AR+bu+I(y—cR)
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Exercises

Lecture 8

1- Is it possible to assign the eigenvalues
of following system on arbitrarily places?

2- Is it possible to assign the eigenvalues
of following system on arbitrarily places?

3- a) Use a state feedback to assign the
eigenvalues of following system on -4, -1 , -6?
b) Use a state feedback to assign the
eigenvalues of following system on -4, -2 , -67?
c) Use a state feedback to assign the

eigenvalues of following system on -1, -2 +6j?

(-2 1 3] [0
x=[0/-3 2|x+|1|u

ZL sl o O
y=[1 2 O0]x

= g) il o aly 6.
o= /A 2o 2 2 X+| -3

T LT e R
y=[2 2 -1]x

99 050 ] 127
W= 0 -1 O{w+|0|u

|0 0 -4 Bz
y=[1 1 Ojw
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Lecture 8

Exercises (Cont.)

4- Determine a state feedback control for part (I1) of example 2.

5- Repeat example 3 for following system.

90002 2
XxX=0 2 0 |x+|2|Uu
_O 1 —3_ _O_

6- Is it possible to assign the eigenvalues
. A e A 1
of following system on arbitrarily places x{ }x{ }u

: -35 -12| |-5
(Final 1391)? o[ 1Ix
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