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L_ecture 9

Lecture 9

Stability analysis

Topics to be covered incluage.

« Stability of linear control systems.

+ Bounded input bounded output stability (BIBO).
o  Zero Input stability.

« Stability of linear control systems through Routh
Hurwitz criterion.
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Lecture 9

Stability analysis ey

The response of linear systems can always be decomposed as the zero-
state response and zero-input response. We study

1. Input output stability of LTI system is called BIBO (bounded-input
bounded-output) stability ( the zero-state response )

2. Internal stability of LTI system is called Asymptotic stability ( the zero-input
response )
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Lecture 9

Input output stability of LTI system

LTI slposss 95 (59959 Syl

Consider a SISO linear time-invariant system, then the output
can be described by

y(®) = [ gt-ru()dz=[ g(ut-r)dr (1)

where g(t) is the impulse response of the system and system Is
relaxed at #=0.
oy 295 (LT gloj b piie (a9 15 ST (6899 S5 a3
Sy Glg

y(®) =[ gt-2u()dr =[ g(r)ut-7)dz (1)

el 81120 30 a9 009 40 b (1) S ol ioles
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Lecture 9

Input output stability of LTI system
LT lsiss (29,5 69955 5 1l

Definition: A system is said to be BIBO stable (bounded-input
bounded-output) If every bounded input excited a bounded
output. This stability is defined for zero-state response and Is
applicable only if the system is initially relaxed.
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Lecture 9

Input output stability of LTI system
LT lsiss (29,5 69955 5 1l

Theorem: A SISO system described by (1) is BIBO stable if
and only If g(t) i1s absolutely iIntegrable In [0,0), or

Kmmm3M<w
For some constant M.
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Lecture 9

Input output stability of LTI system
LTI Glestrs (75,5 59959 5500k

Proof: g(t) is absolutely integrable |:,'> system is BIBO
Let u(t) be bounded so |u(t)| <u,, then

(1) = j:g(f)u(t—f)dr < j:\g(f)uu(t—r)\dr <u_ j:\g(r)\dr <u M

So the output is bounded.

Now: System is BIBO stable I:[} g(t) is absolutely integrable
If g(9) is not absolutely integrable, then there exists t; such that:

[Mo@ldr =

u(tl_f) :{

Let us choose _
1 if g(z)>0

1 ifg(t)<0

y(t,) =j0‘ g(D)u(t, —7)dz :j;\g(f)\df — o Soitisnot BIBO



Lecture 9

Input output stability of LTI system

LT1 slociias >, (635,5 5lubs

Theorem: A SISO system with proper rational transfer
function g(s) 1s BIBO stable if and only if every pole of g(s)
has negative real part.

295 BIBO Il 1) 9(9) LS cawlie JUl b L SISO s S5 ranad
il e i Ceand glls 9(8) Lad o 51 Lads 4 S

If g{s) has pole p; with muitiplicity m,, then its partial fraction expansion contains the
Factors

l I l
S=p =p)t o (s-pim

Thus the inverse Laplace transform of 2(x) or the impulse response contains the factors

eP gl L MLt
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Lecture 9

Internal stability e
© (SRl

The BIBO stability is defined for the zero-state response. Now we
study the stability of the zero-input response.

Definition: The zero-input response of X= AX is stable in the
sense of Lyapunov if every finite initial state x, excites a
bounded response. In addition if the response approaches to
zero then 1t 1s asymptotically stable.

Slanss ol Bebld psgbe a1y X = AX gl jio (5399 el 1R 2
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Lecture 9

Internal stability
Gl&‘o 6)‘*’:’."2.

Theorem: The equation ¢ _ Ay IS
asymptotically stable if and only if all
eigenvalues of A have negative real
parts.

b Ceond Sllo A o059 ypolie plos 51 Lads

Relation between BIBO stability and
asymptotic stability? 10
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Lecture 9

: L5 R(s) C(s)

Example 1. Discuss the stability of the system . =l fl :

BIBO stability:

G(s) = C(s) _ 1 There is no RHP root , so system Is
R(s) s+2 BIBO stable.

Internal stability:

For internal stability we need RS) =1 % [T % C)

state-space model so we have: s 1o 1 >

1 :
%(8) =57 %) > GL=x+X

Xl(S) = Ss—i—;; R(S) ——— X, =—2% +®_ r ﬂ

2

X, (S) = i(Xl(s) +R(s)) = X, =% +X; + r R(s)_l_'

s—1 1% - 1 1% cs)

S+ 2 s-1

-3
X, (S) st 2 (s) =P X, =-2%-3r




Lecture 9

Example 1: Discuss the stability of the

R(s) C(s)
system . e —
BIBO stability:  There is no RHP root, so system is BIBO stable.
Internal stability:
For internal stability we need
state-space model so we have: R(s)‘ = 1%, - 7 1 %2 C(s)
X, =—2X% —3r %, =X, + X, +T S+2 s-1 ]
U T o e
| sl-Al= =(s-D(s+2
LZ sI-Al= S_JJ (s-1)(s+2)
c=lo 11 ™ > A =+1LA,=-2
[ ]{Xj 1 2

The system is not internally stable (neither asymptotic nor Lyapunov stable).

Very important note: If RHP poles and zeros between different part of system
omitted then the system is internally unstable although it may be BIBO stable.
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Lecture 9

Review 9.0

How can we check BIBO stability?

G(s):gg .@ d(s)@ —» Findpolesp,,p,,....p,

— Ifp,p,....p,eLHP — System is BIBO stable

low can we check asymptotic stability?

@hl —A‘@ — Find eigenvalues 4., 4,,..., A,

— If 4,4,,...4,eLHP — System Is asymptotically stable

For both kind of stability we need to compute the zero of some polynomial

Dr. Ali Karimpour Feb 2013



Lecture 9

Different regions in S plane
S ambs o calie g

L HP plane t RHP plane
Stable Unstable
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Lecture 9

Stability and Polynomial Analysis
b ol daz sz Judod 4520 9 (55l0L

Consider a polynomial of the following form:

p(s) =s"+a,_15" 1+ ...+ a5+ ag

The problem to be studied deals with the question of whether
that polynomial has any root in RHP or on the jw axis.

jW)yngg)LisRHPJQLQ‘u%)ég.éé‘dl@&;%lg.id.fw‘w‘ﬂw
> bogoyle
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Lecture 9

Some Polynomial Properties of Special Interest

Property I. The coefficient a,, satisfies

Qp—-1 — — Z Ai

=1

Property 2. The coefficient g, satisfies
ag — (—l)n H /\z

2—=1

Property 3. If all roots of p(s) have negative real parts, it is necessary
that g,> 0, 7€{0, 1, ..., n1}.

Property 4. 1f any of the polynomial coefficients is nonpositive
(negative or zero), then, one or more of the roots have nonnegative
real plant.




Lecture 9

Routh Hurwitz Algorithm

Fag e Oy i o3|

p(s)=8"ta, 18" ' +...+as+tag

The Routh Hurwitz algorithm is based on the following
numerical table.

s" 1 a,., 8., e
gh-1 a4 I - T
g2 V21 V2.2 Vog e
Sn—3 ]/3,1 ]/3,2 ]/313 ..............
s°  Vni
Routh’s table
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Lecture 9

Routh Hurwitz Algorithm
a9 Dy a5

S" L &, &, oo
Sn—l an—l an_3 an_5 ..............
Sn—2 7/2’1 7/2,2 7/2’3 ..............

Sn_g V31 V30 Vag  eeeeeeeeesee

SO Vna
Routh’s table
_ A, 8, 4 — a‘n—3:|' Yy, = An_48n g — an—51 _ A, _eQng — a'n—7l
Vo1 = 2,2 a V23 =
) n-1 dy 4
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Lecture 9

Result A5

Consider a polynomial o(s) and its associated table.
Then the number of roots in RHP is equal to the number
of sign changes in the first column of the table.

LgL:a din Slows J.:J,.i:).'a.:)a ‘) QTJ.JOLMA Jgd.?-g,O(S) Lg‘c\.J..<>.>-d.J.>-
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Lecture 9

Routh Hurwitz Algorithm
a9 Dy a5

e Zge] - ; £
s" / 1\ = VPR W
gh-1 a, chigy GLo cooooooooos
Sn—2 V21 IzZy. Vog — rreeeeeeeeeee

Sn_3 7/3,1 }/3,2 7/313 ..............

:\o)
]

Number of sign changes=number of roots in RHP

Routh’s table
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Lecture 9

Example 1: Check the number of zeros in the RHP
A5 i 1y 5 i RHP 20 slaes 1Y (s

p(s) =2s* +s*+3s* +55+10=0

0

s?2 [-7 | 10 0

S1 ﬁ 0 0
-

s \10/ O 0

Two roots in RHP
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Lecture 9

Routh Hurwitz special cases
9 Dy, el Y

Routh Hurwitz special cases

1- The first element of a row Is zero. (see example 2)

2- All elements of a row are zero. (see example 3)
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Lecture 9

Example 2: Check the number of zeros in the RHP
A5 i 1y 5 i RHP 20 slaes oY s

p(s)=s*+s®+2s> +25+3=0

S4 3

s° 0 Two roots in RHP
s* 0 forany ¢

S1 0

SO 0
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Lecture 9

Example 3: Check the number of zeros in the RHP
A5 i 1y 5 i RHP 20 slaes ¥ s

P(s)=s>+4s" +8s° +85° +7s+4=0

Auxiliary Polynomial
q(s)=4s°+4=0

:> q'(s)=8s+0

—0

O O © p OO GO O
O O © o o & N

P
E oo

)
i No RHP roots + two roots on imaginary axis
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Lecture 9

Remarks:

“If all elements of the row s*"! are zero, there are 2n roots with
same magnitude that they are symmetrical to the center of the s
plane. It means they can be real roots with different signs or

complex conjugate roots.

¢ If there are no sign changes in first column, all roots of the
auxiliary polynomial lie on the jo axis.

However, one important point to notice is that if there are repeated
roots on the jo axis, the system is

actually unstable.

p(s)=s°—2s*—s+2=0 Pp(s)=s"—2s*+25°-4s’+5-2=0

p(s)=s>+25"~s-2=0 p(s)=s°+2s* 35> 652 4s-8=0
25



Example 4: Check the stability of following system ‘tetre
for different values of &
WSS gy k polde canm iy o pesw (6,100 VL

A s(3s +1) z k:S@S+D
el i : 3 ks(3s+1)
3 +25+4 M(s)=— S +25+4 _
14k S(3s+1) $® +2s+4+ks(3s+1)
s®+2s5+4

To check the stability we must check the RHP roots of
s®+3ks* +(2+k)s+4=0

s> 2+k
2 4 3k>0

> A 6k We need k>0.528
1 S0 for stabilit

0
S 0
26
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Lecture 9

Example 5: Check the BIBO and internal stability of the
following system.

DS B |y et (A1 (gill 9 (29,5 (6999 (Ml O L
C

Fifs 1 X, s_1 X

I' s—1 S

BIBO stability 1

ol s =1 = e have BIBO stabili
i(s) 1.1 s+l p= e have stability
S
Internal stability
ey S e ) e Y | -1 0fx g 1 :
X=X, =X, Xo ==X + X, +T X, [ X, | |1
s+1 0 We have not

sl —Al= 1 Internal stability
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Example 6: The block Diagram of a control system is depicted in the Lecture®
following figure. Find the region in K-a plane concluding the system stable.

30 6l el sl sl ool Hlis g ISy S s SO ol SLo Sel: £ L
Qb sl s a5 Qe caws & K0l axis

Bl == S+a K(s+2)| YO
T S 62,19 ‘
}'(5)_ K(s+2)s+0)

The closed-loop transfer function 1s

R(s) s +Ks +(2K +0K —1)s+ 20K

The characteristic equation: s L Ks Y+ (2K ~0K —1)s+ 20K =0

Routh Tabulation:

5> I 2K +0K —1
. K >0
s K 200K
. (2+0)K - K —-20K (2+0)K —1—20 >0
5
K
0 >0 28
5 20K
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Lecture 9

Example 6: The block Diagram of a control system is depicted in the
following figure. Find the region in K-a plane concluding the system stable.

R(S) S+a K(s+2)| C06)

¥ S 62,19 ‘

1+20

Stability Requirements: o >0, K >0, K >

2+0

K-versus-@ Parameter Plane:

AT Tkt

Approaches 2 as
@ approaches infinity

A 1 1 4 9

0 1 2 3 4 5 6 7 8 (o4 wur Feb 2013




Lecture 9

Exercises

1- Check the internal stability of following system. -2 1 3]
X={ 0 -3 2|x+|1]u

1 4 1]
y=[1 2 O0]x

2- a) Check the internal stability of following system.

b) Check the BIBO stability of following system. ~ |-3 -6 -4} |6
x=|1 2 2 X+ -3

-1 -6 -6] | 4]
y=[2 2 -1]x

3- Are the real parts of all roots of following system less than -1.

D(s) =S’ +4s* +5s° +65° +2s +4

30
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Exercises (Cont.)

Lecture 9

4- Check the internal stability of +

following system versus . I- :

5- a)Check the BIBO stability of following system.

b) Check the internal stability of following system.

- ; 10
T5(s+10)(s+5) ‘
e e
I- s_1 15(s+10)

|

6- The eigenvalues of a system are -3,4,-5 and the poles of its transfer

function are -3 and -5.(Midterm spring 2008)

a) Check the BIBO stability of following system.
b) Check the internal stability of following system.

31
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Lecture 9

=xercises (Cont.)

7- The open-loop transfer function of a control system
with negative unit feedback is:

G(s)H (s) = K(s+2)
S(1+Ts)(1+ 2s)
Find the region in K-T plane concluding the system stable.
Answer:
KT
é i Unstable
5 i Stable

0.

w
W
|
|
-
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
IL
|

|
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Lecture 9

Exercises (Cont.)

8- Find the number of roots in the region [-2,2].
s’ +5s°+11s+15=0

9- The closed loop transfer function of a system is :
K(s+2)
s* 4+ 7s° +15s° + (k + 25)s + 2k

For the stability of the system which one is true? ( k>0 )

G(s) =

1) 0<k<28.12 2)0<k<28.12
Answer: (4)

3) 0 <k < 28.12 4)0<k<28.12
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