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Lecture 9 

Stability analysis 

Topics to be covered include: 

 

 Stability of linear control systems.  
 

 Bounded input bounded output stability (BIBO).  

 Zero input stability.  
 

 Stability of linear control systems through Routh 
Hurwitz criterion.  
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The response of linear systems can always be decomposed as the zero-

state response and zero-input response. We study 
 

1. Input output stability of LTI system is called BIBO (bounded-input 

bounded-output) stability ( the zero-state response ) 
 

2. Internal stability of LTI system is called Asymptotic stability ( the zero-input 

response ) 

 Stability analysis تجشیِ تحلیل پایذاری

پاسخ ٍرٍدی  ٍ  پاسخ حالت صفزپاسخ سیستوْای خطی را هی تَاى بصَرت جوع 
 .بیاى ًوَد صفز

ٍرٍدی وزاًذار  ) BIBOپایذاری ٍرٍدی خزٍجی سیستوْای خطی پایذاری  -1
 (پاسخ حالت صفز . )ًاهیذُ هی شَد (خزٍجی وزاًذار

پاسخ  . )ًاهیذُ هی شَد  پایذاری هجاًبیپایذاری داخلی سیستوْای خطی  -2
 (ٍرٍدی صفز 
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Input output stability of LTI system 

 
tt

dtugdutgty
00

)()()()()( 

  LTIپایذاری ٍرٍدی خزٍجی سیستوْای 

Consider a SISO linear time-invariant system, then the output 

can be described by 

 

 

where g(t) is the impulse response of the system and system is 

relaxed at t=0.  

 خزٍجی را هی   (LTI)در سیستن ته ٍرٍدی ته خزٍجی خطی غیز هتغیز با سهاى 

 تَاى بصَرت  

 

 
  .  آرام است t=0پاسخ ضزبِ بَدُ ٍ سیستن در  g(t)ًوایش داد وِ  

)()()()()()(
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Idtugdutgty
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Input output stability of LTI system 

  LTIپایذاری ٍرٍدی خزٍجی سیستوْای 

Definition: A system is said to be BIBO stable (bounded-input 

bounded-output) if every bounded input excited a bounded 

output. This stability is defined for zero-state response and is 

applicable only if the system is initially relaxed. 

گَیٌذ اگز ّز ٍرٍدی هحذٍد خزٍجی هحذٍد   BIBOرا پایذار یه سیستن : تعریف
ایي پایذاری بزای  پاسخ حالت صفز تعزیف شذُ ٍ سیستن در ابتذا آرام  . را تَلیذ وٌذ

  .  است
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Input output stability of LTI system 

  LTIپایذاری ٍرٍدی خزٍجی سیستوْای 

Theorem: A SISO system described by (I) is BIBO stable if 

and only if g(t) is absolutely integrable in [0,∞), or 

 

 

For some constant M. 

گَیٌذ اگز  BIBOرا پایذار  (I)تَصیف شذُ با هعادلات SISO یه سیستن : قضیه
 اًتگزال پذیز باشذ یا    (∞,0]در باسُ  g(t)فمط اگز لذر هطلك   ٍ
 
 

M عذد ثابت هی باشذ. 




0
)( Mdttg




0
)( Mdttg
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Input output stability of LTI system 

  LTIپایذاری ٍرٍدی خزٍجی سیستوْای 

 then)(so boundedbe)(Let  mututu 

Proof: g(t) is absolutely integrable                          system is BIBO 





0

)()()(  dtugty

So the output is bounded. 

Mum dtug )()(
0

 


 dgum 



0

)(

Now: System is BIBO stable                         g(t) is absolutely integrable 

If g(t) is not absolutely integrable, then there exists t1 such that: 

Let us choose 

  dg
t1

0
)(

 
1

0
11 )()()(

t

dtugty   
1

0
)(

t

dg 










0)( if1

0)( if1
)( 1






g

g
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So it is not BIBO 
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Theorem: A SISO system with proper rational transfer 

function g(s) is BIBO stable if and only if every pole of g(s) 

has negative real part. 

گَیٌذ   BIBOرا پایذار  g(s)با تابع اًتمال هٌاسب گَیای SISO یه سیستن : قضیه
 .دارای لسوت حمیمی هٌفی باشذ  g(s)فمط اگز ّز لطب  اگز ٍ

Input output stability of LTI system 

  LTIپایذاری ٍرٍدی خزٍجی سیستوْای 
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Internal stability 
 پایذاری داخلی

Definition: The zero-input response of             is stable in the 

sense of Lyapunov if every finite initial state x0 excites a 

bounded response. In addition if the response approaches to 

zero then it is asymptotically stable.  

را بِ هفَْم لیاپاًَف پایذار گَیٌذ اگز    پاسخ ٍرٍدی صفز سیستن            : تعریف
علاٍُ بز ایي اگز پاسخ بِ . بَجَد آٍردهحذٍدی را پاسخ  x0ّز حالت اٍلیِ هحذٍد 

 .صفز هیل وٌذ پایذاری هجاًبی حاصل هی شَد

Axx 

Axx 

The BIBO stability is defined for the zero-state response. Now we 

study the stability of the zero-input response. 
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Internal stability 
 پایذاری داخلی

Theorem: The equation              is 

asymptotically stable if and only if all 

eigenvalues of A have negative real 

parts. 

 هعادلِ              پایذار هجاًبی است اگز ٍ: قضیه
 

 دارای لسوت حمیمی    Aفمط اگز توام همادیز ٍیژُ  
 

   .هٌفی باشذ

Axx 

Axx 

Relation between BIBO stability and 

asymptotic stability? 
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Example 1: Discuss the stability of the system . 

11 
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Internal stability: 
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Example 1: Discuss the stability of the 

system . 
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Internal stability: 
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The system is not internally stable (neither asymptotic nor Lyapunov stable). 

Very important note: If RHP poles and zeros between different part of system 

omitted then the system is internally unstable although it may be BIBO stable. 
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Review هزٍر 

How can we check BIBO stability? 

How can we check asymptotic stability? 

)(

)(
)(

sd

sn
sG  0)(Let    sd  p,...,p,p poles Find n21

 LHPp,...,p,p If n21  System is BIBO stable 

0Let  AsI  ,...,, seigenvalue Find n21 

 LHP,...,, If n21  System is asymptotically stable 

For both kind of stability we need to compute the zero of some polynomial 
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Different regions in S plane 

 Sًَاحی هختلف در صفحِ 

RHP plane LHP plane 
Unstable Stable 
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Stability and Polynomial Analysis 

Consider a polynomial of the following form: 

 

 

The problem to be studied deals with the question of whether 

that polynomial has any root in RHP or on the jw axis. 

 

 jwٍ یا رٍی هحَر  RHPهسالِ ایي است وِ آیا چٌذ جولِ ای فَق ریشِ ای در 
 .دارد ٍ یا خیز

 پایذاری ٍ تجشیِ تحلیل چٌذ جولِ ای ّا
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Some Polynomial Properties of Special Interest 

Property 1:  The coefficient  an-1 satisfies 

 

Property 2:  The coefficient a0 satisfies 

 

Property 3:  If all roots of p(s) have negative real parts, it is necessary 

that ai > 0, i {0, 1, …, n-1}. 

Property 4:  If any of the polynomial coefficients is nonpositive 

(negative or zero), then, one or more of the roots have nonnegative 

real plant. 

 چٌذ خاصیت جالب چٌذ جولِ ای ّا
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Routh Hurwitz Algorithm 

The Routh Hurwitz algorithm is based on the following 

numerical table. 

Routh’s table 

 آلگَریتن رٍت ّزٍیتش

ns

1ns

1

1na
2na ..............

3na
4na

5na ..............

2ns
3ns

.

.

.

0s

1,2

1,3 2,3

2,2 3,2

3,3

..............

..............

1,n
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Routh’s table 

ns

1ns

1

1na
2na ..............

3na
4na

5na ..............

2ns
3ns

.

.

.

0s

1,2

1,3 2,3

2,2 3,2

3,3

..............

..............

1,n

Routh Hurwitz Algorithm 

 آلگَریتن رٍت ّزٍیتش

1
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1,2
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Result 

Consider a polynomial p(s) and its associated table.  

Then the number of roots in RHP is equal to the number 

of sign changes in the first column of the table. 

 تعذاد ریشِ ّای  . ٍ جذٍل هتٌاظز آى را در ًظز بگیزیذ  p(s)چٌذ جولِ ای
 

 .بزابز با تعذاد تغییز علاهت در ستَى اٍل جذٍل است  RHPٍالع در

 ًتیجِ
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Routh’s table 

ns

1ns

1

1na
2na ..............

3na
4na

5na ..............

2ns
3ns

.

.

.

0s

1,2

1,3 2,3

2,2 3,2

3,3

..............

..............

1,n

Routh Hurwitz Algorithm 

 آلگَریتن رٍت ّزٍیتش

Number of sign changes=number of roots in RHP 
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Example 1: Check the number of zeros in the RHP 

 .سیستن سیز را تعییي وٌیذ RHPتعذاد صفز : 1هثال 

010532)( 234  sssssp

051

1032

3

4

s

s

Two roots in RHP 

01072 s

00
7

451s

00100s
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Routh Hurwitz special cases 

 حالات خاص رٍت ّزٍیتش

Routh Hurwitz special cases 

 

1- The first element of a row is zero. (see example 2) 

 

 

2- All elements of a row are zero. (see example 3) 
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Example 2: Check the number of zeros in the RHP 

 .سیستن سیز را تعییي وٌیذ RHPتعذاد صفز : 2هثال 

0322)( 234  sssssp

021

321

3

4

s

s

0302s 

00
321



 
s

0030s



3

Two roots in RHP 

for any  
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Example 3: Check the number of zeros in the RHP 

 .سیستن سیز را تعییي وٌیذ RHPتعذاد صفز : 3هثال 

047884)( 2345  ssssssp

484

781

4

5

s

s

0663s

0442s

0001s

044)( 2  ssq

0081s

0040s

No RHP roots  +  two roots on imaginary axis 

08)(  ssq

Auxiliary Polynomial  
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Remarks: 

If all elements of the row s2n-1  are zero, there are 2n roots with 

same magnitude that they are symmetrical to the center of the s 

plane. It means they can be real roots with different signs or 

complex conjugate roots. 

If there are no sign changes in first column, all roots of the 

auxiliary polynomial lie on the jω axis. 

However, one important point to notice is that if there are repeated 

roots on the jω axis, the system is 

actually unstable. 

 

 
022)( 45  ssssp

022)( 45  ssssp

02422)( 2345  ssssssp

084632)( 2345  ssssssp
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Example 4: Check the stability of following system 

for different values of k 
 . بزرسی وٌیذ kپایذاری سیستن سیز را بز حسب همادیز : 4هثال 
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To check the stability we must check the RHP roots of 
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We need k>0.528 

 for stability 
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Example 5: Check the BIBO and internal stability of the 

following system. 

. پایذاری ٍرٍدی خزٍجی ٍ پایذاری داخلی سیستن سیز را تحمیك وٌیذ 5هثال   

s

s 1+ 

- 1

1

s

1x
2x cr

BIBO stability 
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We have not  

Internal stability 

We have BIBO stability 
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Example 6: The block Diagram of a control system is depicted in the 

following figure. Find the region in K-α plane concluding the system stable. 

 ًاحیِ ای در. بلَن دیاگزام یه سیستن وٌتزل در شىل سیزًشاى دادُ شذُ است: 6هثال 

 .بِ دست آٍریذ وِ سیستن پایذار باشذ  K-α  صفحِ

s

s 

1

)2(
2 



s

sK+ 

- 

R(s) Y(s) 
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Example 6: The block Diagram of a control system is depicted in the 

following figure. Find the region in K-α plane concluding the system stable. 

s

s 

1

)2(
2 



s

sK+ 
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R(s) C(s) 
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Exercises 

xy

uxx

]122[

4

3
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661

221

463











































1- Check the internal stability of following system. 

xy

uxx

]021[

0

1

0

141

230

312













































2- a) Check the internal stability of following system.  

b) Check the BIBO stability of following system. 

3- Are the real parts of all roots of following system less than -1. 

42654)( 2345  ssssssp
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Exercises (Cont.) 

)5)(10(

10

 sss
k

+ 

- 
4-  Check the internal stability of 

 following system versus k. 

5- a)Check the BIBO stability of following system. 

b) Check the internal stability of following system. 

)10(

1





ss

s+ 

- 1

1

s

1x
2x

6- The eigenvalues of a system are -3,4,-5 and the poles of its transfer 

function are -3 and -5.(Midterm spring 2008) 

a) Check the BIBO stability of following system.  

b) Check the internal stability of following system. 
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Exercises (Cont.) 

7- The open-loop transfer  function of a control system  

with negative unit feedback is: 

)21)(1(

)2(
)()(

sTss

sK
sHsG






 Find the region in K-T plane concluding the system stable. 

 Answer: 

0.33 

0.66 

Stable 

Unstable 

Unstable 
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Exercises (Cont.) 

8- Find the number of roots in the region [-2,2].  

015115 23  sss

9- The closed loop transfer function of a system is : 

ksksss

sk
sG

2)25(157

)2(
)(

234 




For the stability of the system which one is true? ( k>0 ) 

1) 0 ≤ k ≤ 28.12 2) 0 < k < 28.12 

3) 0 ≤ k < 28.12 4) 0 < k ≤ 28.12 

 Answer: (4) 


