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McDiarmid@ inequality

This section presents a concentration inequality that is more general than
Hoeffding® inequality
Its proof makes use of a Hoeffdggiequality for martingale differences.

Dey n i Martongale Difference
A sequence of random variabMgV.,... Is a
martingale difference sequence
with respect to,, X,,...
If foralli>0,
V. is a function ofX,..., X and  E[Vj;1|X1,...,. X;] =0

The following result is similar to Hoeffdi@gemma.
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Lemma:

LetV andZ be random variables satisfyirigV |Z]=0 and, for some functioh
and constant OO0, the inequalities
f(Z) <V < f(Z)+c

Then, for all t>0, the following upper bound holds:
E[esvlzl < etzcz,’s

Proof:
The proof follows using the same steps as in that of lemamniangale difference
with conditional expectations used instead of expectations:
conditioned orY, V takes values ifg, b]
with
a=1(2)
and
b=1(2)+c
and its expectation vanishes.
The lemma is used to prove the following theorem, which is one of the main resul
of this section.
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McDiarmid’s Inequality

(McDiarmid, 1989)
® Theorem:let X;,..., X,,be independent random

K} /

variables taking valuesin Uand f: U™ —R a
function verifying for alli 1, m],

® Comments:

® Proof: uses Hoeffding’s lemma.

e Hoeffding’s inequality is a special case of
McDiarmid’s with

1 m
flzy,...,xp) = EZ@ and ¢; =
i=1

b — a;|
1
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Theorem: Azumas inequality Theorem

LetV,, V,,... be anartingale difference sequenacgith respect to the random variable
X4, X,,..., and assume that for ait O there is a constart OO0 and

random variableZ;, which is a function of,,...X;; ;, that satisfy 7z, < v; < 7, + ¢
Then, for allU> 0 andm, the following inequalities hold:

S son(g25)

im1 i=1%

e —2¢2
Pr Z{/z S —€ S exp W
i

i=1 =1

Proof: Foranyk » [1m], let g, = S 14

Then, usingChernoffsdoounding technique, for any 0, we can write
Sk = Y1 Vi
Pr[S,, > €] < e Ele!*m]

<ete E[Etsm_l]etzci’*/s (lemma D.2)
—te t2 3T, €7 /8
v se e ’ (iterating previous argument)
— E_QEEX E:.?;l C?
Where we chosit = 4¢/ 7, 2 to minimize the upper bound.

This proves the first statement of the theorem, and the second statement is show
similar, way, . CAY L %A ( aOhoEoydasl (o6 wlm we Ac %UYy 5



Theorem: McDiarmid@ inequality Theorem

LetX,,... X, ¥ X™be a set ofn O1 independent random variables and

assume that there exist...,c,> 0 such that f : X™Y R satisfies the following

foralli # [1,m] and any pointg, ,... ,X,, X ¥ X.
Letf(S) denotef(X,,... X)),
then, for allU> 0, the following inequalities hold:

Prif(S) - EIf(S)] 2 d] < exp (iﬁ )

i=1 *i

Pr{f(5) - BA(9)] <~ < exp oz

i=1 Ci

Proof:
Define a sequence of random variables k # [1,m], as follows:
vV =1(S)1 E[f(S)],
V,=E[V |X,]T E[V],
and for
k>1, V, =E[V|X1,.... X -E[V|X1,..., Xp_1]

4 i
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Hoeffding inequality LemmaZ?)

Lemma-
For a random variabléX with EX=E[X] = 0 anda OX Ob then fort >0

E[ etX] ¢ éz(b— a)?/8

Proof:- Note thate™ is convex irx and is thus uniformly bounded as

Taking expectation yields E[ éx] ¢

and taking the Taylor series expansion of kagj‘ about t = 0 reveals that

t2(b- a)2

In E[€"] ¢

E[ éx] ¢ éz(b— a)?%/8 Q

\V
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By combining P(S- HS » ﬁeé Etéxi-EM])]
2 (b- )2 =

E[e”]¢e 8
we see that iK. / [a , b] then

and

n t(hb-3)?

P(S- BSl @ ginf( €0 e® )

2 Nn
. (te+zAm a))
=inf e "%
t>0

- 2t2
(

)

éri(h-a)z
:e i=1 }

de
ab-a)

Thus we have just proved the following theore.

where the minimizing value bis given byg? =
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Theorem Hoeffding® Inequality:

LetX,,...X,, be independent random variables withtaking values ifa;, b]
forall i ¥ [1,m].

Then for anyJ> 0, the following inequalities hold fog, =g _ X
PriS, - H$] 24 672"
PrS - HS] 2 o & &=t
Proof: Using the Chernoff bounding technique and lemma, we can write:
PI‘[Sm - E[Sm} > d < et E[Bt(sm_E[SmD}
= 16—1:6 Ele t(X;—E[X; ])} (independence of X;s)
< 1™ e teetz(bi—ai)2/8 lemma
AL
_ e—tt‘etz Z:{”“:l(b,;—ai)z/S

—262/2211(521_@1?)2

1 3/4a( aCMoeBpydreel p(u ¢ Wl At we Ac %Uy 9
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Theorem (Hoeffding's Inequality). Let Yi,...,Y, be independent

observations such that

E(Y;) =0 and a; <Y; < b;.

(5029

Theorem. Let X;,...

P(|Xn—p|>e€) <22

Let € > 0. Then, for anyt > 0,

<e tEH t%(b;—a;)* /8
i=1

, Xn ~ Bernoulli(p). Then, for any € > 0,

2

where X,, =n"13"  X;.

Theorem (Hoeffding). Let Z,,...,Z, be n t.i.d. random variables with
f(Z) € [a,b]. Then for all £ > 0, we have

Z F(Z:)

3—1

+, @& WUYljA{ P E

—E[f(2)]

” ] =)

CAy 1 %4 ( aOvo°EpyBvedl p(u ¢ wam: we Ac¢ %Uy
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Theorem. Let X,,...,X, ~ Bernoulli(p). Then, for any ¢ > 0,

2

P(|Xn—p|>e) <2 %

where X,, =n"1>"  X;.

ProoF of Theorem Let Y; = (1/n)(X; — p). Then E(Y;) = 0 and
a <Y; <bwherea = —p/nand b= (1—p)/n. Also, (b —a)? = 1/n%
Applying Theorem 4.4 we get

P(X,—p>¢) = P(Z}ﬂ- > E) < e—teet’/(8n)

The above holds for any ¢ > 0. In particular, take t = 4ne and we get P(X,, —
p>e)< g~ 2ne’, By a similar argument we can show that P(X,, —p < —¢) <
e~ 2ne”, Putting these together we get [P (|Yn —p| > E) < %e~2ne" g

, @& 4yljA{ P E CAVy 1t %4 ( aGMBydveel (0 ¢ Wl wée Ac¢ %Uy
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Theorem (Jensen’s inequality). If g is convex, then
Eg(X) > g(EX).

If g is concave, then

Eg(X) < g(EX).

Proor. Let L(z) = a + bz be a line, tangent to g(z) at the point E(X).

Since g is convex, it lies above the line L(x). So,
Eg(X)>EL(X)=E(a+bX)=0a+bE(X)=L(E(X)) =¢(EX). =

From Jensen’s inequality we see that E(X?) > (EX)? and if X is positive,
then E(1/X) > 1/E(X). Since log is concave, E(log X ) < log E(X).

-+, @6yl jJA{ P E CAVy 1t %4 ( aGMBydveel (0 ¢ Wl wée Ac¢ %Uy
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Theorem (Cauchy-Schwartz inequality). If X and Y have finite

vartances then

E|XY]| < E(X2)E(Y?

).

Inversion: If IP [X > ¢] < F(t) then with probability at least 1 — 4,

X <F9).

Chernoff: for all t € IR,

P[X > < inf E [e”x —”]
23S0

Theorem 1 (McDiarmid Inequality). Let zq, ..
values in a set A and let cq, ..., c, be positive real constants. If p : A" — R satisfies

., Tn be independent random wvariables taking on

sup (1, ..., Tiy. ., Tn) — (X1, ... Xy )| < G,

!
LY ey T, 2L EA

for 1 < <mn, then

Pr(o(zy,...,zn) — E[p(z, - - .

:$n)] > E] < E—szf D=1

-+, @6yl jJA{ P E CAVy 1t %4 ( aGMBydveel (0 ¢ Wl wée Ac¢ %Uy
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Definition. The empirical Rademacher complezity of F is defined to be
. 1
Ry (F) = E; — E (2
m(F) [?IEJE' (m £ sz(zz))]

where 01,...,0m, are independent random variables uniformly chosen from {—1,1}. We will refer
to such random variables as Rademacher variables.

Definition. The Rademacher complexity of F is defined as
Rin(F) = Ep[Rm(F)]

Theorem 2. Fix distribution D|z and parameter § € (0,1). If F C {f : Z — [a,a + 1]} and
S = {z1,...,2n} is drawn i.i.d. from D|z then with probability > 1 — § over the draw of S, for
every function f € F,

Enlf(2)] < Es[f(2)] + 2Rm(F) + ) /0).

m
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Proof. For a fixed function f, the definition of supremum leads us directly to

Enlf(2)] < Eslf(2)] +sup (Enlh(2)] - Es[h(=)])
heF

o(8) = sup (Eplh(2)] - Eslh(2)])
heF

sup (21,52 ey 2m) — (21,0 Zhy ooy 20)]

I
21,e02n,2, €4

Proof of Lemma 1. Let S = {21,...,2m} and ' = {21, ... ,z;, ...»2m}. Then by definition,

o(S) = o(S)| =

sup (Eplh(2)] ~ Esfh(2)]) - sup (Eplh(2)] ~ Ex fh(2)]) .

Letting h* € F be the maximizing function for the supremum in ¢(S5), this becomes

6(8) ()] = \ED[h*(z)] ~ Esln’ (2)] — sup (Eplh(2)] ~ Esh(2)])

b

and by definition of supremum, hA* can at best maximize the ¢(.S’) term as well, so we have

p(S) — (S| < [Ep[h*(2)] — Es[h*(2)] — Ep[h*(2)] + Esr[h*(2)]

= |Eg[h*(2)] — Es[h*(2)]

_ %Zh*(z) _ % 3 B (z)

zeS zes’

-+, @6yl jJA{ P E CAVy 1t %4 ( aGMBydveel (0 ¢ Wl wée Ac¢ %Uy
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Since S and S’ differ in only one element, this becomes

0(8) — (S < SR () = S A () + A () — ()
i#] i#]
= k() — B
1
= m

where the last step follows from fact that h* : Z — [a,a 4+ 1] so sup |h*(z;) — h™(2})] = 1.

zj,z}EZ

Now that we have determined that ¢ satisfies the proper conditions, we can apply the McDi-
armid Inequality to find

m 1 +2

Pr[tp(S)—E[gp(S)] > t] < e_tQ/E@::ng — e t'm
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Setting the above probability to be less than é and solving for ¢, we find that this probability is

less than ¢ if and only if ¢t > ln(l/ %) Since

Pr{p(S) < E[p(S)] +t] = 1 —Prlp(S) — E[p(S)] = ],

we have determined that with probability at least 1 — 4,
In(1/4)

m

Enlf(2)] = Elf(2)] + Es [sup (Enlb(a)] - Esln]) | +
Since Eg[E[h()]| S] = Enlh(z)] and Eg(Eslh(2)] | S] = Es[h(z)

Es [sup (Enln(=) - Es[h(znﬂ = Es [223 Es |Eg[h(2)] — Eslh(2) \SH

= Eg [supE [ Zh(z@)——Zh(zg) |S”

= Eg |sup Eg
heF

-+, @6yl jJA{ P E CAVy 1t %4 ( aGMBydveel (0 ¢ Wl wée Ac¢ %Uy
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> (M(z) = h(z)) | S
=1
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Since sup is a convex function, we can apply Jensen’s Inequality to move the sup inside the expec-
tation:

S\H

- [:z;f - ‘S” = s sy 300 -16)

< JSS {sup ( Za@ Z@)) + sup (fnlrz Z c:rz-h(z':}-))

heF
1 m
J 5 [sup — oih(z ]

he}'mz 1

Eplf(2)] < Eslf(2)] + 2B (F) + ) 2L
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Concentration Inequalities

& Some general tools for error analysis and bounds:
® Hoeffding’s inequality (additive).
® Chernoff bounds (multiplicative).

e McDiarmid’s inequality (more general).

CAY 1 %4 ( aGnborEpydreel puc wdm: we Ae %Uy
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Hoeffding’s Lemma

® |emma: Let X be a random variable with E[X]|=0
anda < X <bwithb#a.Then for ¢>0,

2(p_ a2
Ele!X] < e

& Proof: by convexity of z+—e*?, for all a <z <b,
b—x T—a
et:c < 6ta 4 Etb.
b—a b—a
Thus,
E[etX] S E[E})—_f eta, + §:$ etb] — ﬁetﬂl + ﬁetb — eth(t);
with,

o(t) = log(ﬁem + __aetb) =ta + log(b_ba. + 3. Gt(b_a))

CAy 1 %4 ( aOvo°EpyBvedl p(u ¢ wam: we Ac¢ %Uy



® Taking the derivative gives:
§(t)=a-
® Note that: ¢(0) = 0 and ¢'(0) = 0. Furthermore,

, @c-YyljA{ p E

aet(®—a) a

b _a t(b—a =a — b —t(b—a) _
—a b—a.e ( ) b—ae ( ) b

" . —abe_t(b_“}
®"(t) = [biae_t(b—a} _ bEa]g
a(l — a)e tt=9)(h — q)?
T [(1—a)ett-a) 4 g2
_ & (] — aje_t(b—ﬂ] ; 0
=) @D ra[l-ae @ ora @
(- oy < L=
. —a )
with o = 7 .There exists 0 <6 <t such that:
— a

o(t) = ¢(0) +1¢'(0) + 5¢"(8) < t

t* 2 (b—a)?
s

CAy 1 %34 ( aOnvocEoydradl P U ¢ WA we

1
—a
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Hoeffding’s Theorem

& Theorem:LetXy,..., X,, be independent random
variables X; € [a;, b;]. Then for ¢ >0, the following
inequalities hold for S, =" | X, :

Pr[Sm — B[Si] 2 ¢ < e72¢/ Ziibimad’
Pr[Sm - E[Sm] < —E] < 6_262’1221(6""_%)2.

® Proof:The proof is based on Chernoff’s bounding
technique: for any random variable X and ¢ >0,
apply Markov’s inequality and select ¢ to minimize
E[etX]

Pr[X > €] = Pr[e™* > '] < —

€
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® Using this scheme and the independence of the

random variables gives
Pr[S,, — E[Sm] > €
< et BetSm—ElSmD)]
= e teIIm | E[et(XiEXD)]
(lemma applied to X; —E[X;]) < e *II7" ¢t (bi—a)"/8
_ e—tept” i (bi—ai)®/8

< =2/ Z?‘;l(b’i_a’i)Q’

choosingt =4e/> " (b — a;)*.

® The second inequality is proved in a similar way.

-+, ®@¢WMYljJA{ p E
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Hoeffding’s Inequality

® Corollary: for any e >0, any distribution D and any
hypothesish: X — {0, 1}, the following inequalities
hold:

E] E —2?‘?’162
2

> e
Pr[R(h) — R(h) < —¢] < e™2™¢,

& Proof: follows directly Hoeffding’s theorem.
® Combining these one-sided inequalities yields @
Pr [\ﬁ(h) ~ R(h)| > e} < 9¢72me”,
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Chernoff’s Inequality

B Theorem:for anye>0, any distribution D and any
hypothesish: X — {0, 1}, the following inequalities

hold:
Pr[R(h) > ( h)] < e~m R /3
Pr[R(h) < (h)] < e~m R0 /2,
& Proof: proof based on Chernoff’s bounding
technique.
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