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McDiarmidôs inequality
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This section presents a concentration inequality that is more general than 

Hoeffdingôs inequality. 

Its proof makes use of a Hoeffdingôs inequality for martingale differences.

Deýnition:  Martingale Difference
A sequence of random variables V1,V2,... is a 

martingale difference sequence 

with respect to X1, X2,... 

if  for all i > 0, 

Vi is a function of X1 ,..., Xi and

The following result is similar to Hoeffdingôs lemma.



Lemma: 

Let V and Z be random variables satisfying E[V |Z]=0 and, for some function f

and constant c Ó 0, the inequalities

Then, for all t> 0, the following upper bound holds:

Proof: 
The proof follows using the same steps as in that of lemma martingale difference 

with conditional expectations used instead of expectations:

conditioned on Z, V takes values in [a, b]

with 

a = f(Z)

and 

b = f(Z)+ c 

and its expectation vanishes.

The lemma is used to prove the following theorem, which is one of the main results

of this section.
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Theorem:               Azumaôs inequality Theorem
Let V1, V2,... be a martingale difference sequence with respect to the random variables 

X1, X2,..., and assume that for all i> 0 there is a constant ciÓ 0 and

random variable Zi, which is a function of X1,...,Xiī1, that satisfy

Then, for all Ů> 0 and m, the following inequalities hold:

Proof: For any k [ɴ1,m], let 

Then, using Chernoffsbounding technique, for any t> 0, we can write

Where we chose                         to minimize the upper bound. 

This proves the first statement of the theorem, and the second statement is shown in a 

similar way.
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Theorem: McDiarmidôsinequality Theorem
Let X1,...,Xm Xɴm be a set of m Ó 1 independent random variables and

assume that there exist c1,...,cm > 0 such that   f : XmŸ R satisfies the following

conditions:

for all i [ɴ1,m] and any points x1  ,... , xm , xôi Xɴ.

Let f(S) denote f(X1,...,Xm),

then, for all Ů> 0, the following inequalities hold:

Proof: 

Define a sequence of random variables Vk , k ɴ [1,m], as follows: 

V = f(S) ī E[f(S)], 

V1 =E[V |X1] ī E[V ] , 

and for 

k> 1,
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Taking expectation yields

and taking the Taylor series expansion of log EetX about  t = 0 reveals that

Lemma:-

For a random variable X with EX=E[X] = 0 and a Ò X Ò b then for t > 0

Proof:- Note that etx is convex in x and is thus uniformly bounded as
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Hoeffding inequality  Lemma (2)
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By combining

and 

we see that if XiÍ[ai , bi] then
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where the minimizing value of t is given by 

Thus we have just proved the following theorem.
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Let X1,...,Xm be independent random variables with Xi taking values in [ai , bi]

for all i [ɴ1,m].

Then for any Ů> 0, the following inequalities hold for
1

m

m ii
S X

=
=ä

2 2

1
/ ( )2Pr[ [ ] ]

m

i ii
b a

m mS E S e
e

e =
-- ä- ² ¢

2 2

1
/ ( )2Pr[ [ ] ]

m

i ii
b a

m mS E S e
e

e =
-- ä- ²- ¢

Proof: Using the Chernoff bounding technique and lemma, we can write:

Theorem: Hoeffdingôs Inequality: 

lemma
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