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Real Convolution (Complex Multiplication) F, (3] F, {3) —r { J-: fl (T)fz (1‘ B T)d T}
0

= o{[ fe-0) f,(®)dr |

=L {fi()* f,(£)}

Complex shifting L£{e™ f(1)) = F (s £ a)

Shift in Time C{f(t-T)}=e "F(s)

T A()R(s)] # fi(1) A(¢)

LA L)) = Fi(s)» B(s)

Final-Value Theorem lim f®=lim sF(s lim f(r) = lim sF (s)
- o 50

Iitial-Value Theorem  [[IM T (©) =lIMN sF(9 lim f (1) = lim sF (s)
“ 0 ¢ o
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Properties of Laplace Transform

* Supperposition:

* Time Delay:

* Time Scaling:

* Shift in Frequencys:
* Differentiation:

* Integration:

¢ Convolution:

* Time Product:

. Mu]tiplication byTime:

Lla, £,(t) + a, /()] = &, F () + @, F (s)
Lif(t-1)]= e' “F(s)

L[ f(at)]= " |F(—

L;f(r)e “|=F(s+a)
L[f]=sF -5 ©

L[ f(r}dr]:éF(s)
LIA®O* £(O]=FE()Fy(s)

L[fl(f)fz(r)]; F,(s)*F,(s)
Ll )] =-—-F(s)
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Hrartial-Fraction Expansio® Ct A «  OMBEzY4 i
Bis)A { £ % 0&4£ SHivw ARt £ Wit iz £ £ dwz B v

Kv 3
G (s) = (s)
A(s y—=—
Coverup Rule
b,s* +bs+b,

given a rational transfer function H(s)= o pz)(s _b; ) {;_ -

1 2 3
with all poles distinct. To be able to invert the Laplace 4 B C
transformation (more on this later), we would like to expand H(s)= + +

H(s) into a sum of the form

B(s—p,) N C(s—p,)

* Multiply by (s— p,) to get (s—p)H(s)=A+
S—P> S—DPs
® Since all po]es are distinct we have the residue A A= gﬂg{fr —p)H(s)
* Similarly B =lim(s— p,)H(s)
S

C=lm(s—p;)H(s) 15
5—}}3‘3




Partial Fraction Expansion Case 1: G(s) has simple poles

® We have alrea dy seen an examp]e of parti Al fraction * Simple poles : Roots of Denominator of F(s) Are Real and Distinct

expansion. Assume that as in the example of page 14, we are
given a rational transfer function G(s) = B(s) _ B(s)
A(s) (s+p)(s+py)e..... (s+p,)

2
H(s) = bys™ +bs+b, l

(s=p)(s—p, s —p3)
_B(s) 4 A, A4
transformation (more on this later), we would like to expand A@s) s+p s+p, Rt

H(s) into a sum of the form l
A B C
+

H(s)= +
S—p §—D S—DPs ® You can use this formula :

* Multiplv bv (5— ».} to get
Ply by (s—p)tog (s+ p.)B(s)

B (s+p)s+p,).(s+p).(s+p,) "

with all poles distinct. To be able to invert the LaP]ace G(s)

—*~Pm

(5= p)H(s) = 4+ 2E=P)  Cl=p)
S=P S=Ps

* Since all poles are distinct we have the residue A

A=1lm(s— p,)H(s)

=

¢ Similarly B =lim(s— p,)H(s)
S—¥gh

C = }E},‘;(S — Py )H(5) 16
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Yis) =
)= 26)
Q(S) =s5" + ﬂlﬂﬂ_l + - +a, s +a,
3 P(s) 3 P(s)
X = 0@ TG+ (5 +5)
K, K, K,
() = s+ 5, ¥ s + 5, T +5+3n
P(s) _ P(_‘Tl)
R | ey P oy
F(9)= 2(s+3) (s B)
(S°+3s®) (s H(s &
_ (s+3) _ s = =
|:(S)_(s+1)(s ®) (s ¥ (s 2 o=t [F(;)] )
8 =[(s 1) (s+3) . [_(s 43)] . =L [(S+1)] + 7

(s+1)(s #) '~ (s &) ° 7™

_ (s+3) (s B
l O e T

=2e' e® t 0

W Z

-1
(s 2)

]
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CecagrAt-a® whka yoOé wz C
5¢ + 3
X(s) = (s + (s + 2)(s + 3)
K, K, K.,
X('g}=s+1 Ts+2 s+3
3(—1 3
Koy =[5+ DX 1= s = -1
b= 3
ko= [+ DX, 5= ! 2)2;_ 5=
5(—3
K =[(s+3)X(s)],-_,= a E 3)2;-_33) = —6
X B -1 7 6
(j}.—5+1+3+2_3+3 ft)=L"[F(s)] =
—1-1 -1 4 7
=L [(S+1)] + [(S +2)]

= €' Ae® 6e* t 02

b T

]

(

6
s 3)
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Laplace Transformand Transfer Function

. Example= Mass—spring—damper 3T = 1. b=5. k=4

y()+5y()+4y(t)=u(t), »(0)=0, y(0)=0
. Talcing the Laplace Transform of both sides yields
7Y (s)+55Y(s)+4Y(s) =U(s)

® The transfer function of the system is
Y 1 1 A B
H(s) = (s)

= = — +
U(s) s +5s+4 (s+D(s+4) s+1 s+4
* To compute A and B (partial fraction expansion)
l1=A(s+4)+B(s+1) & (4+B)s+(44+B)=0s+1 &
1 1

©A+B=044+B=14=_.B=—

19
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P(s) P(s)

X(s) = _ .
(s) O(s) (s+s)Ms+sy) - (s+5)(s+5,) ) _ V\{Z CC A«
A ~ oo g
oo Ka K XK. Cé CéwA$va ! wédw
! _S+Sl s+52+.”+s+5” R <. .
| « (n — r) terms of simple poles — | # C ' EC&w 3%

A4, A, A,
S+t .
s+3 (s+s) (s +5)

| « r terms of repeated poles — |

A, = [(s+5) X(s)]

5= —4;

d? , -
Aa =gy galls+ )X
1 dr! i
A' - (_,. _ 1)[ l:_4;‘,174:-—1 [(S + S:‘) X{S)]

§=—u3;
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Case 2: F(s) has Multiple-order poles

* Roots of Denominator of F(s) Are Real and Repeated .

_Bs)__ B()
A(s) (s+p)s+py)"...

G(s)

G(S) — B(S) — A‘l + AZ + AS + Am Am+l

A(s) s+p, s+p, (s+p,)’

* You can use this formula :

. 1 d"'((s+pz)"1"(s))|
- ds'! e

i=23...m+1
0'=1

AF P —+ - ==
(s+p,) (s+p,)

* Suppose now that p, = p; # p, so that we have

b,s* +bs +b,
(s—p)’(s=p,)

Hix)=
* We expand it in the form

A B C
—

2

+
s=p, (s-p) s-p,

H(s) =

* Multiply by (s — p,)* to get :
C(S = Pl)
$=P>

(s—p)’H(s)=A(s—p)+B+
® We see thatp — lim(s —P1)2H(S) = A2
s—=p

® Now differentiate with respect to s to get

2(s-py) (s—p,)z]
s—=p, (s-p,)°

%[(s— P H(s)|= A+C[

e We see that d
A=lm—
s=p ds

General Rule for 1nultiplicity c

ls-p)?H(s)]=4,



Xs) P X(s) = — + Fa M 4
s(s+1) (s + 2) S ¢ Likn ol GER G
A3=[(3+1)3X(5')”s_ = =1 K::=[5X(5)]x=n= :

K,={s+2)X(s}],-_2= 3

d 3 4 :
A, = :{;[(3 + 1) X("“)”_.:ml =E{S(—S+_2)”\— 1

(@}

—(2s + 2)
7 sz(erZ)2 L
1 o> : 1 4| —2(s + 1}
4= 5 g+ X0 ;_fﬁ[ ey
-1 s+ 1 2(s + 1)
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® If there exists a complex conjugate pair of poles such as

H(s)=

® Remember from the example in page 12 that we have the
Time Dﬂmain—Laplace Transform re]ationship

1

() <>
10 s+k
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